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Abstract: We provide a general formula for the partition function of three-dimensional M = 2 
gauge theories placed on S'^ x 5^ with a topological twist along 5^, which can be interpreted as 
an index for chiral states of the theories immersed in background magnetic fields. The result is 
expressed as a sum over magnetic fluxes of the residues of a meromorphic form which is a function 
of the scalar zero-modes. The partition function depends on a collection of background magnetic 
fluxes and fugacities for the global symmetries. We illustrate our formula in many examples 
of 3d Yang-Mills-Chern-Simons theories with matter, including Aharony and Giveon-Kutasov 
dualities. Finally, our formula generalizes to fl-backgrounds, as well as two-dimensional theories 
on and four-dimensional theories on x T^. In particular this provides an alternative way 
to compute genus-zero A-model topological amplitudes and Gromov-Witten invariants. 
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1 Introduction 

In the last few years there has been a huge development in the study of supersymmetric quantum 
field theories on compact manifolds in various dimensions. Localization techniques [1] often 
allow to exactly evaluate the path-integral of the theory on a compact manifold, possibly with 
the insertion of local and non-local operators that respect some supersymmetry. Most of the 
examples studied in the last few years are not topologically twisted [2] (see [3] for a nice review 
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and references). In this paper, instead, we consider a very simple example: the partition function 
of AA = 2 supersymmetric gauge theories in three dimensions on x with a semi-topological 
A-twist on 5^ [1]. Despite the conceptual simplicity, we will see that the model presents several 
interesting features. 

We study generic three-dimensional Af = 2 gauge theories with an R-symmetry (with the 
constraint that the R-charges be integers). The topological twist is equivalent to turning on a 
background for the R-symmetry, which is a quantized magnetic flux on 5^. Similar magnetic 
fluxes can be turned on for all global flavor symmetries of the theory. We use localization 
to compute the partition function, with a method similar to that recently used to evaluate 
the elliptic genus of two-dimensional gauge theories [4, 5] and the Witten index of quantum 
mechanical sigma models [6-8]. The path-integral localizes on a set of BPS configurations which 
are specified by some data of the gauge multiplet; a magnetic gauge flux m on S'^ and a complex 
mode u = At + i^cr encoding the vacuum expectation value a of the real scalar in the vector 
multiplet and the holonomy of the gauge field At along {j3 is the radius of 5^). The final 
partition function is given by a contour integral. 


■^52x51 



( 1 . 1 ) 


of a meromorphic form in the variables tt, which encodes the classical and one-loop contributions 
around BPS configurations, summed over all magnetic gauge fluxes. Supersymmetric localization 
selects a particular contour of integration C, and therefore it picks some of the residues of the 
form Zint(tt;nx). The choice of the correct integration contour is one of the challenges of this 
computation, that we solve using the methods introduced in [4, 5]. In many cases, we can 
formulate the result of integration in terms of a geometrical operation called the Jeffrey-Kirwan 
residue [9] (see also [10, 11]). The final result depends on the magnetic fluxes mj and chemical 
potentials Uf for the flavor symmetries of the theory. It is, in particular, an analytic function of 
the fugacities e^'^f. For the reader’s convenience, we summarize the main features of our formula 
in section 1.1. 

To avoid confusion, we should stress that we are not computing the superconformal index, 
which is the partition function on 5^ x 5^ without twist. In fact, our partition function is not 
counting operators and there is no fugacity corresponding to the dimension, or R-charge, of the 
operators. We can still interpret our formula as a twisted index by writing the partition function 
as a trace over the Hilbert space % of states on a sphere, in the presence of a magnetic background 
for the R- and flavor symmetries, 
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where Jf are the generators of the flavor symmetries. Because of the supersymmetry algebra 
= H — (TfJf (see for example (2.8)), only the states with H = (JfJf contribute, and Z 
is actually holomorphic va. uj. Thus the partition function represents a twisted Witten index 
getting contributions from chiral states with energy proportional to the charge. 

Upon dimensional reduction on 5^, we can compare our results with a recent computation of 
the Witten index of quantum mechanical sigma models via localization [6-8] and we find indeed 
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many similarities. The three-dimensional nature of the original theory manifests itself in the 
existence of magnetic gauge fluxes on 5^, and makes the quantum mechanical interpretation of 
the result quite complicated. 

The twisted partition function can be used as a new tool to investigate non-perturbative 
aspects of three-dimensional gauge theories. In this paper we consider several examples of Yang- 
Mills-Chern-Simons theories in 3d: we evaluate their twisted partition functions and compare 
them with general results about Chern-Simons theories and known three-dimensional dualities. 
In particular we provide further evidence for Aharony [12] and Giveon-Kutasov [13] dualities. 

There are various generalizations of the setup. First, we can replace S'^ with a generic 
Riemann surface S. We do not discuss the higher genus case in details in this paper, but 
expressions for the one-loop determinants are explicitly given. Second, we can refine the index 
by the angular momentum on 5^: in the path-integral formulation this corresponds to turning on 
an Il-background on 5^. This more general formulation makes contact with the “factorization” 
of 3d partition functions [14-17] (as well as with a similar factorization in two [18, 19] and four 
[20, 21] dimensions). 

Third, we can study two-dimensional gauge theories on S'^, and four-dimensional gauge 
theories on 5^ x T^, with A-twist on the sphere. There is a nice geometrical interpretation of 
what we are computing in various dimensions. In two dimensions, we compute the partition 
function of the topological A-model on S'^. For a gauged linear sigma model (GLSM), this is the 
same as the partition function of the non-linear sigma model (NLSM) to which it flows in the 
infrared (IR), when such a flow exists. In particular, the target of the NLSM is a holomorphic 
submanifold of the Kahler quotient realized by the GLSM, and the NLSM partition function 
is the equivariant Euler characteristic of the moduli space of holomorphic maps to the target. 
We can easily include local twisted chiral operators at arbitrary positions. Thus our formula 
provides an alternative new method to evaluate amplitudes in the topological A-model; some 
simple examples are provided in section 5. We stress that, when applied to non-Abelian GLSMs, 
our formula does lead to new results. 

When lifted to three dimensions, the same GLSMs (with no Ghern-Simons terms) realize 
the quantum mechanics over the moduli space of holomorphic maps, therefore they compute 
the K-theoretic Euler characteristic. Einally, going to four dimensions one computes the elliptic 
genus of that moduli space. 

We should mention similar results in the literature. The partition function of Chern-Simons- 
matter theories on generic Seifert manifolds has been evaluated in [22] and reduced to a matrix 
model. The 5^ x case is a special case of Seifert manifold, but it is difficult to compare 
the results. Precisely in the case of S'^ x there are additional fermionic zero-modes, which 
are instrumental in reducing the path-integral to a contour integral of a meromorphic form 
and in selecting the correct contour. As already mentioned, our formula for three-dimensional 
theories is formally similar to those obtained for the quantum mechanical Witten index in [6-8] . 
Analogously, our results for four-dimensional theories are formally similar to those obtained for 
the elliptic genus in [4, 5, 23], and expressions for the one-loop determinants on S'^ x have 
appeared in [24, 25]. Finally, the partition function of Ghern-Simons theories with one adjoint 
on S X has recently been computed in [26]. 

The paper is organized as follows. In section 2 we derive our formula for the partition function 
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by performing a supersymmetric localization. In section 3 we provide examples in various Abelian 
and non-Abelian Yang-Mills-Chern-Simons-matter theories in 3d, and test our formula against 
known dualities. In section 4 we add a refinement for the angular momentum. In section 5 we 
discuss the generalizations of our formula to two and four-dimensions. Finally, in the appendices 
we give details about the computation of one-loop determinants. For the reader’s convenience, 
we summarize our main Ending in the next subsection: the reader not interested in its formal 
derivation, can read it and then safely jump to section 3. 


Note added: while we were finishing our work, we became aware that some overlapping results 
have been obtained by Closset, Cremonesi and Park, and will appear in [27]. 


1.1 The main result 

For an AA = 2 gauge theory on 5^ x with gauge group G of rank r (and Lie algebra g), 
the topologically twisted path-integral localizes on a set of BPS configurations specified by a 
gauge magnetic flux on 5^, nr = ^ J ^2 F, a hat connection^ At along 5^, and the value a of the 
real scalar in the vector multiplet, all mutually commuting. Up to gauge transformations, the 
magnetic fluxes m live in the co-root lattice Ff, of G while the scalar zero-modes parameterize the 
connected components 9JI = iL X f) of the BPS manifold, where H is a maximal torus in G and 
f) is the corresponding Cartan subalgebra. Configurations connected by the Weyl group W of 
G are gauge-equivalent. It is convenient to combine the components of the zero-modes into the 
holomorphic Cartan combinations u = At -\-ij5a, where /3 is the radius of and define x = e*“. 
Here u represents r modes. For G = U{1), u ~ tt -|- 27r lives on a cylinder while x G C*. For a 
generic connected group G, u ~ u -|- 2Tr(^ where C is an element of the co-root lattice. 

The contribution of a chiral multiplet to the one-loop determinant is given by 


/ychiral 

^1-loop 


n( 

pelH 


xpG 
1 -xP 


p{m)-q+l 


(1.3) 


where is the representation under the gauge group G, p the corresponding weights and q the 
R-charge of the field. The contribution of a vector multiplet to the one-loop determinant is 
instead given by 

Zi”= 11(1-^°) 

a&G 

where a are the roots of G. is naturally interpreted as a middle-dimensional holomorphic 

form on 77 X t). The classical action contributes a factor 


7CS _ km 
•^class 


r 



2 = 1 


(1.5) 


where k is the Chern-Simons coupling of G (each Abelian and simple factor has its own coupling). 
For Abelian factors Gi and G 2 in G, a mixed Chern-Simons coupling ki 2 A^i'^ A F( 2 ) is possible 
and it contributes . 

^For disconnected groups, we should more properly talk about a holonomy g = e'f atdt gi 
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The theory can have flavor symmetries: we denote the corresponding holonomies by y = 
and the magnetic fluxes by n. Then the 1-loop determinant is modified as 


xP yPf , p(m) p{xn) + p/(n) , 


( 1 . 6 ) 


where p/ is the weight under the flavor group. 
^ and flux t contributes 

^top _ 
^class 


A U{1) topological symmetry with holonomy 

x^C- (1-7) 


The contribution of the classical action and the one-loop determinant in each sector of 
magnetic flux m, 

— -^class-^l-loop j (1-8) 

is a meromorphic r-form on H x 1). Zint('«;nr) has pole singularities along the hyperplanes 
^ip{u)+ipf{v) _ 2 determined by the chiral fields and goes to zero or infinity at the boundaries of 
H X f). The path-integral reduces to an r-dimensional contour integral of Zint(?r;nr), 
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summed over all magnetic fluxes in the co-root lattice Tf,. The contour C is a specific sum of 
r-dimensional contours going around the hyperplane singularities or living at the boundary of 
H xl). 

For a U{1) theory with chiral fields with charges Qi (and more generally when r = 1), it 
is easy to specify the integration contour C. The behavior at the two boundaries of Ff x f) is 
determined by the effective CS coupling 

kes{cr) = sign(QiCr) . (1.10) 

i 


The path-integral can be conveniently written as a sum of residues of the meromorphic form 
Zint(u;m) in the x = plane. The two boundaries oi H x 1) map to two circles around x = 0 
and X = 00. We can use one of two equivalent prescriptions and sum either 


• all residues at the poles created by fields with positive charge, the residue at x = 0 if 
A:eff(+oo) < 0 and the residue at x = 00 if A;eff(— 00) > 0; or 

• minus the residues at the poles created by fields with negative charge, minus the residue 
at X = 0 if A:eff(-|-oo) > 0 and minus the residue at x = 00 if A:eff(— 00) < 0. 

This prescription can be written in a compact form by assigning charges to the boundaries at 
X = 0 and x = 00, 

Qx=0 — ^eff(TOo) , Qx=oo — ^eff( ‘^) ; (I'H) 

and using the Jeffrey-Kirwan residue dehned as [9-11] 

JK^es — = 6{Qr]) sign{Q) . (1-12) 

y ^ y 
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Here t/ 7 ^ 0 is a parameter. The final formula for a C/(l) theory is then 


msZ 


2's2 X 51 = X] X] JK-Res (Qa;*, rj) Zi^t (x; m) 


.SOT,: 


+ JK-Res (Qa;,??) Zint(x;m) 

x=0,oo 


(1.13) 


where SOlsing is the set of singular points in 911 where Zjnt has poles, and Qa;* is the charge of the 
chiral field creating the pole. To perform the computation one has to choose a parameter ij ^ 0, 
but the result is independent of such a choice. The Jeffrey-Kirwan residue appears in a similar 
way in the localization of the elliptic genus for 2d theories [4, 5] and of the Witten index in Id 
[ 6 - 8 ]. 

For gauge groups of rank r > 1, the choice of contour is more complicated. The path-integral 
is still given by a sum of Jeffrey-Kirwan residues at a finite number of points in FI x f), where r 
or more singular hyperplanes meet, plus a boundary contribution: 


^5^x51 - rw 


JK-Res (Q(x*), r/) Zint(x;m) -|- boundary 




(1.14) 


The precise form of the contour is discussed in section 2.4. However, in all examples considered 
in this paper, we will be able to extrapolate the Abelian formula to the non-Abelian case without 
really using the complicated machinery of section 2.4. 


2 Localization on x with topological twist 

In this section we provide a path-integral derivation of the formulm (1-13) and (1.14). The crucial 
technique is supersymmetric localization (see e.g. [1, 2] and [3] for a modern review) which allows 
us to exactly reduce the path-integral Zg 2 ^gi{t) to a finite-dimensional integral over a moduli 
space of BPS conhgurations AJbpSj where the measure is provided by the one-loop determinant 
Zi-\oop of small quadratic fluctuations around those configurations. Schematically: 

Zs 2 ^S^{t)= localization f Vcfo Z,.ioopW,t] . 

■J JaTbps 

There {t} is a collection of parameters of the theory on 5^ x on which the path-integral 
depends. 

More in details, the computation will be similar to the one performed in [4, 5] for the path- 
integral evaluation of the elliptic genus of two-dimensional M = (0, 2) theories, and in [ 6 , 7] for 
the Witten index of AA = 2 quantum mechanics. Localization provides a function to be integrated 
on the complex u-plane, with various poles corresponding to the matter fields. Because of the 
singularities of the integrand, we will need to use a clever regulator whose existence is naturally 
provided by the off-shell multiplet of zero-modes. By integrating out the gaugino zero-modes we 
will reduce the integral to a contour integral. We also stress that we can have generic Wilson 
loop insertions at points on and wrapping S^. 

Accordingly, we first construct supersymmetry, supersymmetric actions and Wilson line op¬ 
erators on 5^ X S^, we then study the relevant moduli space of BPS configurations AJbpS) 
and evaluate the “on-shell” action and the one-loop determinant of small quadratic fluctuations 
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around them. It turns out that A^bps contains fermionic zero-modes as well as singular loci 
with extra bosonic zero-modes. With a suitable regulator, the two problems solve each other and 
we are left with a contour integral: this technical part occupies the second half of this section. 
For the sake of clarity, we present the derivation in the case of rank-one gauge groups hrst, and 
then move to the more intricate generic case. In section 4 we present a rehned version of this 
computation, in which the spacetime geometry is a fibration of 5^ over 5^, that can be consid¬ 
ered as the three-dimensional fl-background (the position of Wilson line operators will then be 
constrained). 

2.1 Lagrangian and supersymmetry transformations 

We start by writing the metric and the background fields that we need to turn on in order to 
preserve some supersymmetry. We write then the supersymmetry transformations corresponding 
to the topologically twisted theory and the supersymmetric Lagrangians for gauge and matter 
fields. 

2.1.1 The supersymmetric background 

We consider three-dimensional M = 2 theories on 5^ x , where supersymmetry is preserved by 
a topological twist on The round metric on 5^ x is 

ds^ = [d9‘^ + sin^ 9 dif'^) -|- p'^dt'^ , (2.1) 

where we take t ~ t -|- 1. We take vielbein = Rd9, = Rsin9dip, = jddt. To perform 
the topological twist, we turn on a background for the R-symmetry proportional to the spin 
connection: 

F = - cos^dc^ = —, (2.2) 

which corresponds to a flux ^ f ^2 W = —1 for the R-symmetry curvature W = dV. In our 
notation^ the supersymmetry spinor e = () has R-charge —1 so that the Killing spinor equation 
R>/j.€ = df,e + + iV/.e = 0 is solved by 

e = () with e+ = constant . (2.3) 

Because of the R-symmetry background magnetic flux, we will restrict to theories with integer 
R-charges. Notice that the same setup works with a generic metric on 5^, and when S‘^ is 
replaced by a Riemann surface of arbitrary genus g, with the same choice of F = — and 
the same covariantly constant spinor (2.3). In general the R-symmetry field strength is related 
to the scalar curvature by 

Wi 2 = =-\Rs and W = g-l. (2.4) 

J Eg. 

If the metric on has a U{1) isometry, we can introduce a rotation of S'^ along the circle, 
which essentially gives the ll-background on S'^ x S^, 

ds^ = R^[d9^ + sin^ 9{d(p — ?dt)^) -|- jd'^dt^ , (2.5) 

^We use gamma matrices: 71 = (? J), 72 = (“ F) > = (0 -1) • 
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where the coordinates have the same periodicity as before: t = t + 1, </? = (/? + 27r. We can still 
perform the topological twist with V = — and the covariantly constant spinor (2.3). We 
call this the “refined” case, and we discuss it in section 4. 


2.1.2 Supersymmetry transformations and BPS eqnations 

We use SUSY transformations in terms of commuting spinors and anticommuting supercharges 
(as given in appendix B.2 of [17]). The snpersymmetry parameters are two positive-chirality 
covariantly constant spinors e, e satisfying = 0 , 736 = e and similarly for e, with the same 
R-charge —1. Notice that, in fact, e and e are mnltiples of the unique covariantly constant spinor 
(2.3). The algebra has two complex supercharges Q, Q of vanishing R-charge. 

We consider the following types of mnltiplets: vector multiplets V = X, , D) whose 

components in Lorentzian signature are a gauge field, two real scalars a, D and a Dirac spinor, 
all in the adjoint representation of the gange group; chiral multiplets = {(p, ip, F) whose com¬ 
ponents are two complex scalars cp, F and a Dirac spinor, all in a representation 91 of the gauge 
group; anti-chiral mnltiplets = {cp^,ip\ F^) with the same components as a chiral mnltiplet, 
all in the conjugate representation 91. In Euclidean signature all fields are complexified, and ^-ed 
fields are not adjoints but rather independent fields. 

The transformations of a vector multiplet are: 


QA^ = 

QX = ■ 

- De -b 


QAt = 

-b e^D + ze'^7^D^. 

<379 = -^D^A^7^e -b ^[A^e, a] 

0 

>7 

II 

0 

= -^A^e 

QD = ^e^^D^A -b ^[cj, eU] 

QA = 0 

Qa = -^e'^A . 


We have tnrned on the background (2.2) for the R-symmetry and used the R-charge assignment 

(0, 0, —1,1,0) for {Afj,, a, A, A^, D).^ For the chiral multiplet the supersymmetry transformations 
4 

are 


Q(p = 0 
Q(p = -€^ip 

Q(p^ = 

Qcp"^ = 0 


Qip = [i'y^Dfj_(p -I- ia(p)e 

= gt( _ + icp'^a) 

QF = — iaip — iXcp'^ 

QF^ = ( — iD^ip^'y^ — iip'^a + icp^ X^)e^ 


Q^p = UT 

QF = 0 
QFt = 0 . 


(2.7) 


The R-charges of {(p, ip, F) are {q,q — l,q — 2), and those of {cp^ip^ F^) are the opposite. 

This transformations realize the superalgebra su(l|l), whose bosonic subalgebra u(l) gener¬ 
ates rotations of mixed with gauge/flavor rotations: 

{Q, Q} = -iC^ - (5gauge(e'^eo') , Q'^ = Q'^ = ^ v^ = . (2.8) 

®In particular, in our notation the “standard” gaugino with R-charge - 1-1 is A“, the charge-conjugate to A. 

^We define charge conjugate spinors = Ce* and = AC, where C is the charge conjugation matrix such 
that C'y^C~^ = —We choose C = 72 so that C = C~^ = = —C*. Moreover 


= —e. 



Here is the gauge-covariant Lie derivative (including the R-symmetry connection) along the 
covariantly constant (and Killing) vector field Using the flat basis e“, in the unrehned case 
one finds v = f5~^e^edt, while in the refined case v = In order to perform 

localization, we will use the supercharge 

Q = Q + Q, (2.9) 

which behaves as an equivariant differential: = —iC^ — 5gauge(e^eo')- 


2.1.3 Supersymmetric Lagrangians 

We now proceed with the construction of supersymmetric Lagrangians on 3“^ x 5^. We consider 
Yang-Mills-Chern-Simons theories with matter, therefore we construct the Yang-Mills action, the 
various Chern-Simons terms, the matter kinetic action and superpotential interactions. When¬ 
ever the theory has some continuous flavor symmetry Gp, we couple it to an external vector 
multiplet and turn on background values for the bosonic fields therein. This corresponds to mag¬ 
netic flavor fluxes on flat flavor connections on 5^, and real masses. We recall that whenever 
the gauge group has an Abelian factor, the flavor group includes a “topological” U{1) subgroup 
(possibly enhanced to a larger subgroup in the IR quantum theory). 

We work in Euclidean signature, therefore all fields get complexihed. However, when per¬ 
forming the path-integral, we have to choose a middle-dimensional contour in field space. We 
choose the “natural” one, in which “real” fields are real while ^ is identified with the adjoint 
operation: we call such a contour the real contour. We have chosen conventions in which all La- 
grangian terms have a non-negative real bosonic part, ensuring convergence of the path-integral. 

The supersymmetric Yang-Mills (YM) Lagrangian is 


£ym = Tr 


+ -D.aD>^a + 

^ 2 




( 2 . 10 ) 


One can verify that 

QQTr (iAU + 2Fa) ^ e^eFvM (2.11) 

up to total derivatives, therefore the YM action is also Q-exact. 

The supersymmetric Chern-Simons (CS) Lagrangian is, for each simple or Abelian factor: 


JC-cs = -i-Tr 
dvr 


cU-l'P 


(^Afj^duAp — —ApAyAp^ + A^A -I- 2Da 


( 2 . 12 ) 


In general one can have a different CS level k for each simple or Abelian factor in the gauge group, 
however we will often be schematic with our notation and use the simple expression above. The 
CS action is supersymmetric but not Q-exact. If there are multiple Abelian factors in the gauge 
group, one can introduce mixed CS terms between them: 


iCmCS = - 


iki2 

2tt 


+ iA(')t a( 2) + iA(2)tA(i) + 


(2.13) 


®The explicit expression of the Lie derivative of fields of various spins can be found in appendix B.l of [ 17 ] and 
appendix A .2 of [ 28 ]. 
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The mixed CS terms play an important role in turning on background fluxes or holonomies 
for the topological symmetries. Recall that in three dimensions, any t/(l) gauge symmetry gives 
rise to a global symmetry whose current is given by The current is 

automatically conserved by the Bianchi identity, d* Jt = dP = 0, and the corresponding global 
symmetry U{1)t is called topological. In order to turn on a background gauge held for the 
topological symmetry, we couple it though 

J A *Jt = j d^x^eP^PA^pdyAp . (2.14) 

Here A^'^'> belongs to an external vector multiplet whose other bosonic components are and 
. In order to have a supersymmetric background, we need to set to zero the variation of the 
fermions in the external multiplet. From (2.6) we obtain that we should set = iP^\ while 
can be an arbitrary constant. The full action is the supersymmetric completion of (2.14), 
which is obtained from (2.13) by taking ki 2 = 1 and regarding (1) as the background topological 
symmetry and (2) as the gauge symmetry: 

AT) 

Tr Pi 2 - Tr(H 3 + ia) - i—— Tr D . (2.15) 

ZTT ZTT ZTT 

The three terms are separately supersymmetric. We see that (a real mass for the topological 
symmetry) is in fact a Fayet-Iliopoulos (FI) term. 

We can also consider a mixed CS term between the R-symmetry and an Abelian flavor (or 
gauge) symmetry: 

/Ircs = --^(eP'^^Apd.Vp + iaWu) . (2.16) 

This term is the specialization to our background of the term in (4.19) of [29]. 

The supersymmetric matter kinetic action is 

^mat = D^l4’^D^4> + + iD - qWi2)4> + + i'tp^'jPDp - a)'ip - , (2.17) 

where q is the R-charge of 4>. One can verify that 

QQ{ip^'tjj + 2i(j)^a4>) = e^eFmat (2.18) 


up to total derivatives, therefore the matter kinetic action is also Q-exact. 

Superpotential interactions are controlled by a holomorphic function 1F(<I>), gauge-invariant 
and of R-charge 2. The two Lagrangians 

£w = iFw , > (2.19) 


where 


Pw 


dW 1 

^ 2 


92 IF 



P^ — 
TW — 


m , _ 1 , 
aA' 2 a<Pla<s>y’^' 

I I J 


( 2 . 20 ) 


are the F-terms of the chiral multiplet lF(<h) and its antichiral partner, are separately super- 
symmetric. Since Q[ieA= e^eCw and Q(—total derivatives, the 
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two Lagrangians lead to Q-exact actions. Notice that although in Euclidean signature the two 
functions W and W can be independent, since we consider the Wick rotation of real Lorentzian 
Lagrangians, we take them complex conjugate.® 

The covariant derivatives in (2.17) contain the gauge fields, the background field V for the 
R-symmetry and background fields for the flavor symmetries of the theory. A background vector 
multiplet for a flavor symmetry contains the bosonic components F^, A^, and which 
should satisfy = iF^ in order to preserves supersymmetry. We see that 7^12 represents a 
background magnetic flux for the flavor symmetry, A 3 is a flat flavor connection along S^, and 
is a real mass associated with the flavor symmetry. 

Finally, we can include Wilson lines in representation R defined as 


W = Tr/j Pexp 





-cr\x\) 


( 2 . 21 ) 


as in [30]. Here x^(t) is the worldline of the loop, r is a parameter on it, is the derivative 
with respect to r and \x\ is the length of x^. Its supersymmetry variation is 

QW oc |x| . ( 2 . 22 ) 

One gets QW = 0 (and QW = 0) if x^ = x"^ = 0, i.e. if the loop is along the vector field 63 . In 
the unrefined case 63 = ^dt- we can place the loop at an arbitrary point on 5^ and along t. In 
the rehned case 63 = ^{dt + (.d^p) and x^(r) = ( 00 ,?^, r), therefore for irrational values of <;■ the 
loop does not close; we can either tune to rational values, or place the loop at one of the two 
poles of 5^. 


2.2 Localization on 3“^ x 

To compute the path-integral Zg 2 .^gi{t)^ we use the localization method. We deform the ac¬ 
tion S[ip]t] — )• 5[(/?;t] -|- uQV[ip\, where u is a positive parameter while V has non-negative real 
bosonic part and Q^V = 0. By the standard argument, the path-integral does not depend on u. 
Evaluating in the u —>■ -|-oo limit, the path-integral localizes around configurations for which the 
real bosonic part of QE[(/ 9 ] vanishes. Therefore reduces to a semi-classical computation 

around those configurations. 


2.2.1 The BPS equations 

As a deformation Lagrangian we choose £ym + ^mat in (2.10) and (2.17), since each term leads 
to a non-negative Q-exact action. Let us start with the gauge sector. Setting to zero the real 
bosonic part of Tym along the real contour, one gets 

Fpy = Dfj,a = D = 0 . 

On the other hand, without imposing any reality condition, the BPS equations QA = QA^ = 0 
lead to a much larger set of complexified configurations: 

D = iFi2 , Dia = iFis , D2cr = iF23 , D^a = 0 . 

®If we stay off-shell, the matter kinetic action has the positive-definite term F, while the real bosonic part 
of Lw -f Ti-jy vanishes. On the other hand, if we integrate out Fi,F^ to go on-shell, we obtain the positive-definite 
term jdilTj^. 
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When evaluating a standard integral in the saddle-point approximation, it is common that saddle 
points in the complex plane and off the original integration contour contribute to the integral; 
therefore we might worry that something similar happens here. In fact, with a very careful 
analysis, we will see that it does. It will be convenient to define A^bps as the space of BPS 
configurations where the reality condition is applied to all physical fields but not to the auxiliary 
field D: ^ 

A4bps = j-D = iFi2 , Fi3 = F23 = 0 , Df^a = oj/^ , (2.23) 

where Q is the infinite dimensional group of gauge transformations. 

These equations are easily solved. Let us choose a gauge dtAf = 0. Let g £ G he the 
holonomy around which may depend on the position on 5^. The Bianchi identity implies 
DtFi 2 = 0. Single-valuedness of F 12 along 5^ implies [g, F 12 ] = 0. This in turn implies that 
Fi 2 {x) is constant on S^, g is constant on 5^, and they commute. In particular, we can represent 
Fi 2 by a connection on 5^ that is constant on and, if g is connected to the identity, we 
can represent 5 by a connection on that is constant on and they commute.^ Integrating 
D^a = 0 along we get [g,cr] = 0 and a is constant on S^. Finally we have to solve D^a = 0 
on which implies [F12, cr] = 0 at all points on 5^, and a is constant on S'^. 

Summarizing, the equations are solved by 

[9, ^12(3;)] = [g,(r] = [a,Fi 2 {x)] = 0 , (2.24) 

where g and a are constant, while T12 may depend on 5^ but is constant along S^. This space 
Ad BPS is inhnite-dimensional. 

If we further restrict F 12 to be constant (we will show how that comes out of the path- 
integral), the moduli space reduces to 

AdBPS = X f) xr^)/IT, (2.25) 

where LI is a maximal torus in G, f) is the Cartan subalgebra, Tj, C f) is the co-root lattice of G 
that parameterizes quantized fluxes, and W is the Weyl group. 

Let us now move to the matter sector. The BPS equations along the real contour give 

D3(j) = 0 , (j(p = 0 , {Di+ iD2)(t> = 0 , F = 0 . (2.26) 

These equations generically imply cp = 0. However they admit extra nontrivial solutions when a 
and — 1 have a common zero eigenvalue: the extra solutions are then zero-modes of Di +iD 2 
on 5^ (or more generally on S^). 

2.2.2 The zero-modes 

Around each of the general complex BPS configurations (2.23) there are bosonic and fermionic 
zero-modes of the Yang-Mills and matter actions. 

For generic configurations, only the YM action has zero-modes and they are finite in number. 
The bosonic modes parameterize the constant diagonal values of a and At, and describe the 
connected submanifolds 

m = H xi) (2.27) 

^If it is not connected, one has to introduce a discrete element. 
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of the BPS manifold (to be divided by W together with Pf,). Since the observable gauge quantity 
is we define the dimensionless complex combinations 

u = At + if3a = /3(^3 + ia) , u = At — ifia , x = e®“ . (2.28) 


We call u a complexified flat connection. Notice that u represents r modes, where r is the rank 
of the gauge group. For a C/(l) group, u ~ u + 27r lives on a cylinder while x G C*. For a generic 
group G, tt ~ u + 27rC where C is an element of the co-root lattice. Configurations related by the 
Weyl group have to be identified. We parameterize magnetic fluxes by 


1 



F = 


m , 


(2.29) 


where m G Ff, satisfy = Ic, z.e., in physical terms, they are GNO quantized [31]. 

Besides the bosonic zero-modes, there are also fermionic zero-modes and together they form 
complete supermultiplets. Each bosonic zero-mode is paired with a fermionic zero-mode coming 
from the Cartan gaugini. The Cartan gaugini A are not lifted because they are charged only 
under the R-symmetry, and we cannot turn on a flat connection for the R-symmetry without 
breaking supersymmetry. In fact the fermionic zero-modes have the same quantum numbers as 
e and are proportional to it; we can thus define scalar fermionic zero-modes 


Ao = /3eU, Aj) = /3Al'e, (2.30) 

which are obtained from Qu = fAg, Qu = zAo. We can close the supersymmetry algebra “off- 
shell” if we introduce an auxiliary bosonic zero-mode Dq\ 


Do = l5e^e{D-iFi2) • 

This is obtained from QAJ = Dq or QXq = —Dq. This zero-mode corresponds to a constant 
profile for D — iFi 2 . In the following we will choose a normalization /3 e^e = 1 for the zero-modes. 
Notice that, as usual, setting to zero the auxiliary component gives BPS configurations. The 
supersymmetry algebra closes and we find 


Qu = 0 

Qu = f Aq 

QXq — —Dq 

QA|) = 0 

QDq — 0 /o 





(2.31) 

Qu = 0 

Qu = iXo 

QXq = 0 

QAJ = Do 

QDq — 0 . 

Notice that Q^ 

= Q^ = {Q,Q} 

= 0 on the zero- 

-mode subspace. 

since the zero-modes are 


translationally invariant and commute with a. We will call “almost BPS” the configurations 
which satisfy the BPS conditions, except for a constant Dq —in other words D = iFi 2 + Dq. 

All chiral multiplets give rise to bosonic and fermionic Landau levels on S'^, however such 
potential zero-modes are charged under flavor and gauge symmetries, therefore the complexified 
flat connections on generically lift them. There are, however, special hyperplanes (linear sub¬ 
manifolds of complex codimension 1) on SOI where the total flat connection has zero eigenvectors, 
and extra zero-modes appear. In particular each chiral multiplet can give rise to a hyperplane 
Hi such that when u £ Hi, develops a bosonic zero-mode. The manifolds Hi are determined 
by the poles of the one-loop determinant and are of the form 

Hi = {u£m\ eWW+ip/R) = 1} ^ (2.32) 
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where pi is the weight of the gauge representation, p/ of the flavor representation, and v is 
the complexified holonomy for the flavor group. To each hyperplane we associate the covector 
Qi = Pi ^ t)* equal to the gauge weight (in the Abelian case, Qi is a list of charges). We call 

OJtsing = U, (2-33) 

the singular manifold and, as we will see, we will only be interested in 9JI \ fUtsing- 

In the rank-one case. Hi are just isolated points on OH. For r > 1, instead. Hi are proper 
hyperplanes. We define T^sing 3^sing the set of isolated points in SOI where at least r linearly 
independent hyperplanes meet: 

SOIgjng = {u* e SOI I at least r linearly independent Hi’s meet at u*} . (2.34) 

Given u* € S0I*;^g, we denote by Q(u*) the set of charges of the hyperplanes meeting at u*: 

Q(ii*) = [Qi I w* G Hi] . (2.35) 

For a technical reason as in [4, 5], we will assume the following condition: for any u* £ t/ie 

set of charges Q(u*) is contained in a half-space in f)*. Notice that if the number of hyperplanes 
at u* is exactly r, this condition is automatically met. 


2.2.3 The classical on-shell action 


We evaluate the classical action Zci{u,u, DQ;m) on almost-BPS configurations, where u is con¬ 
stant, D = iFi 2 Dq with constant Dq, but D and F 12 are not necessarily constant. The moduli 
u, u, Dq, m control the expectation values of the bosonic fields in vector multiplets, which can 
be either dynamical (gauge group G) or external (flavor group Gp), in the Cartan subalgebra. 
There can also be global topological symmetries, whose moduli are denoted by ^ and t with 


2 =/i;'' + 


-aP 

The classical action terms in the Abelian case are the following. 
I The Abelian YM action (2.10) contributes 

-pYM —/Zym I on-shell 


= e 


(2.36) 


As 5 ym is Q-exact, it vanishes on actual BPS configurations where Dq = 0. 
The Abelian Chern-Simons action (2.12) contributes 

2 ;CS _ f Ccslon-shell — ^km ^2ikpB?uDo 


= X 


(2.37) 


where x = e*“. Notice that if k is half-integer, this is not a single-valued function of x. 
This is related to the fact that a half-integer CS level might be required to cancel a parity 
anomaly from the matter sector. 

The mixed CS term between two Abelian symmetries (2.13) contributes 

2;mCS _ f Cmcslon-shell _ ^fci2mG) ^2iki2l3R? +crW ^2 38j 

If one of the two Abelian symmetries is flavor, we drop the corresponding Dq term. 
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The topological term (2.15) contributes 


2:^ = g-/'i®3;y^/:Tlon-sheil _ g2i/3i?2 Dq 


(2.39) 


We recall that Im z is essentially a FI term, while Me z is a sort of 2d 0-angle on S 


2 


• The mixed CS term between the R-symmetry and an Abelian gauge or flavor symmetry 
(2.16) contributes 


on- shell — ^ — klR 


(2.40) 


The previous expressions are straightforwardly generalized to the non-Abelian case by replacing 
u, Dq and m with elements of the Cartan subalgebra 1) and contracting all products with the 
Killing form. The total classical action Z(.\ is the product of the relevant terms. 

Let us also evaluate the Wilson loop defined in (2.21). Using x^(t) = (0O) t) and the fact 
that At, a are constant, the loop reduces to IF = Tr/j exp [i f dt {At + i/da)]. Therefore 

IF = Ti-r = Trn X = . (2.41) 

Notice that the classical action for Dq = 0, which we denote as 

Zci{u; m) = Zci{u, u, 0; m) (2.42) 


is a holomorphic function of u. 


2.2.4 One-loop determinants 

Next we compute the one-loop determinants from chiral and vector multiplets, obtained by 
integrating out all their non-zero modes and keeping the dependence on Dq which serves as a 
regulator of the final expression.® The derivation is given in appendix A. 


Chiral multiplet. Consider a chiral multiplet transforming in some representation 91 of the 
gauge and flavor symmetry group G x Gp, and immersed in a constant magnetic flux m on S‘^ 
along the Cartan subalgebra. Consider a single component <hp, transforming as the weight p G 91 
and with R-charge qp (to weights in different irreducible representations we can assign different 
R-charges). We write 

b = /9(m) - Qp (2.43) 

for the total flux seen by the scalar component of 4>p. The bosonic determinant is given by 


detO^ = n H 


n>0 k£l. 


(2n + l)|6|-6 + 2n(n + l) , , (2vrA: - p(At))^ n2n+|6|+i 


2R2 


+ p(o-) -h 


/32 


+ ipiDo) 


(2.44) 


®Wliile the determinants at Dp — 0 can be computed, with a cohomological method in appendix A, for generic 
metric on and generic supersymmetric F12, for Do yf 0 we use the round metric on and take constant Fi2- 
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Notice that for non-vanishing values of p^a) or p{At), the zeros of detO^ are strictly in the 
half-plane Im p{Dq) > 0 in the complex L^o-plane. The fermionic determinant is given by 


detO^ = 


n[ 

fcez 


. 2nk - p{At) 

“— n — 


- p{a) 

n>l 


1 \b+l\ 


n(n +|6 + l|) 2 ( 27 rA:-p(^i))'n 2 n+| 6 +i| 




+ picr) + 


/?2 


(2.45) 


where s = sign (6 -|- 1 ). 
determinants, 


The one-loop determinant is the ratio of the fermionic and bosonic 


2f“p(».S,Do; 


m 


det 

det Ofj) 


(2.46) 


and in general it is a function of u and u. For generic Dq there are no cancelations among the 
massive modes. 

We will be eventually interested in the one-loop determinant for Dq = 0. In that case all 
massive modes cancel out and we are left with 


det 

det Off, 




(2.47) 


This expression requires regularization. We use Ofcez Oi{u — 2T:k) = —2i sin where the prefactor 
a is irrelevant, and find 


det 

det Oij) 


2i sm- 

2 / 


xPD N^p(m)-gp-|-l 

1 - xp) 


where x = e*“ and This determinant is a meromorphic function of tt, and we denote 

it by m) = Z)^()qqp(u, h, 0; m). It has a simple Hamiltonian interpretation, and our 

normalization was chosen accordingly. The magnetic flux on generates Landau levels, which 
in the quantum mechanics on are either |6 -|- 1| Fermi multiplets for 6-|-l<0, or 6-1-1 chiral 
multiplets for 6 -|-l > 0 (a similar phenomenon has been recently discussed in [32, 33]). In the first 
case, the Fermi multiplet contains a spinor whose Hilbert space is a fermionic Fock space, and 
assigning charge — ^ and fermion number 0 to the vacuum, the index is x~^ — x^. In the second 
case, the chiral multiplet contains a complex scalar (j) and a spinor, and the Hilbert space is the 
product of a bosonic Fock space generated by (f), (jA and a fermionic Fock space; assigning fermion 
number 1 to the vacuum, the index is (—x “2 -|- xi) X)n>o X^m>o = {x~^ — x ^)“^. 

Eventually, taking into account all weights p of the representation 91, we obtain: 


/T-chiral 

^1-loop 


n( 


xpD 

l-xP 


p{m)-qp+l 


(2.48) 


Notice that this one-loop determinant may have singularities when x^ = 1, corresponding to the 
presence of bosonic zero-modes. Notice also that (2.48) may not be single-valued in x: this is a 
manifestation of the parity anomaly and, when x parameterizes gauge flat connections, must be 
canceled by a choice of half-integer CS level in (2.37). 
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At this point we would like to comment on a sign ambiguity, which originates from the am¬ 
biguity in the quantization of the fermionic Fock space (the Ramond vacuum). The determinant 
(2.48) gets contributions from fermionic chiral zero-modes on S'^. The fermionic operators ipo, 'tpo 
satisfy the anticommutation algebra 'ijjQ='ipQ = 0, {ipo, ^/^o} = 1, so we interpret them as creation 
and annihilation operators for a fermionic Fock space |±) with ipo\—) = 0, ipo\—) = |-|-). The two 
states have opposite fermion number, and flavor charges that differ by p. We could decide that 
|—) is the vacuum—a bosonic neutral state: this leads to a determinant 1 — x^. However the two 
states have the same energy, therefore we could rather decide that |-|-) is the vacuum, leading to 
—x~P -|- 1. A more democratic choice is to assign the two states flavor charges ±|, leading to 
x~pI’^ — which is our choice. These ambiguities correspond precisely to ambiguities in the 
regularization of the determinant. Even with our democratic choice, we are still left with a sign 
ambiguity in the assignment of the fermion number, leading to an ambiguity (—1)^’(’") for the 
determinant. If m is for a global symmetry and so it is a fixed parameter, this is just a total sign 
ambiguity of the index; but if m is for a gauge symmetry and so it is summed over, it may appear 
that it drastically affects the partition function. However in three dimensions, if the gauge group 
is Abelian the ambiguity can be reabsorbed in a redefinition of the fugacity ^ for the associated 
topological symmetry, see (2.39); if instead the gauge group is semi-simple the ambiguity cancels 
out. Because of this ambiguity, in our examples we will choose the signs at our convenience. 

When we integrate out a chiral multiplet with large real mass M, we obtain an effective 
shift of the Chern-Simons levels of all groups the chiral multiplet is charged under [34-36]. Let 
us check that this is reproduced by the one-loop determinant. Consider, for example, a chiral 
multiplet charged under many different C/(l)s. A real mass M can be turned on by giving an 
expectation value to the scalar in the flavor vector multiplet that rotates the chiral multiplet. 
The one-loop determinant of such a chiral multiplet, which we take of R-charge 1 for simplicity,® 
becomes 


Z- 


chiral 

1-loop 




M^dioo 


a,6 


I sign(M) paPb^b 


(sign(M) 


-4|MhEcPcmc 


(2.49) 


Comparing with (2.38), we recognize in the first term a shift of the U{l)s CS levels. 


^kab = ^PaPb sign(M) , 


(2.50) 


which precisely reproduces the known result [36]. The sign ambiguity in (2.49) can be reabsorbed 
in the fugacity ^ of the topological symmetries—see (2.39)— and the exponential in M is a 
renormalization. 

For a simple group, the same computation reproduces the shift 

6k = sign{M) , (2.51) 


where T 2 (fH) is the quadratic index of 93 defined by Ylp&m. P°^P^ ~ ^2 (^) ™ terms of the 

Killing form (and h = ^r 2 (adj) is the dual Coxeter number). For instance for SU{2), 
r2(spin I) = 2/(7 -I- 1)(27 -|- l)/3. 

®For R-charge different from 1, the fermions are charged under the R-symmetry and a mixed gauge/R CS term 
is generated. Snch term is correctly reproduced by the one-loop determinant formula. 
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Higher genus. If we place the theory on a Riemann surface Tig of genus g, instead of on the 
sphere 5^, we can still compute the one-loop determinant (see appendix A). The only difference 
is the number of units of R-symmetry flux: ^ W = g — 1. By the index theorem, the number 
of right-moving minus left-moving modes on Tg is ur — til = p(nr) + {g — l){qp — 1), therefore 
the one-loop determinant is 


/7’Chiral 

^1-loop 


n 

pe^H 


/ 

VI — x/' 


p{m)-|-{p-l)(gp-l) 


(2.52) 


Notice in particular that this is independent of the flat-connection moduli on Tg. 

The gauge ruultiplet. The one-loop determinant for the gauge multiplet can be computed 
in many ways. On the round sphere with constant magnetic flux we could compute it mode by 
mode as in [18, 19]. In the general case, we could use the cohomological argument of appendix A 
along the lines of [37]. More quickly, we notice that the modes along the Cartans are not charged 
under gauge or flavor symmetries, and so can be discarded. The off-diagonal modes contribute, 
possibly up to a flux-dependent sign, as chiral multiplets with R-charge 2 and transforming as 
the roots a of the gauge group. This can be understood from the Higgs mechanism. Suppose 
that a generator a is broken, then the gauge held will eat a chiral multiplet and become massive. 
The eaten chiral multiplet has no havor charges, it transforms as a under the gauge group and it 
has R-charge zero (otherwise its VEV would break some global symmetry). Since massive helds 
do not contribute, we have -Z^iuoop-^iUoop = Ij up to a hux-dependent sign. This equation is also 
satished by two chiral multiplets of R charge two and zero which can by paired by a quadratic 
superpotential term and integrated out. This determines 

Moreover, because of the bosonic zero-modes, it is natural to interpret as a middle¬ 

dimensional holomorphic form on OH, therefore we attach the differential cTu to it, where r is the 
rank of the gauge group. We thus have: 


zsrp=(-i)“'”TI (i 


a&G 


/2 \ a(m)-l 


— 


{iduY = JJ(i-x") {iduY 

aeG 


(2.53) 


Here 5 = 5 Weyl vector,and we have fixed the sign ambiguity for later conve¬ 
nience. We see that is just the Haar measure for the group G. The measure does not 

have any divergence: this is related to the fact that there are no flat connections on S'^. 


We define the total classical and one-loop contribution as 


^'mt (^) 1T^) 


Zcl Z 


chiral 

1-loop 


ygauge 
^1-loop 


(2.54) 


which is a holomorphic r-form. 

^°Recall that 25 is always a weight, therefore 25(m) € Z. For semi-simple groups also 5 is a weight, but this is 
not true for Abelian factors. For instance for U(N): ( —Ei "'i. 
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Higher genus. We can similarly write the gauge one-loop determinant on a Riemann surface 
of genus g: 

( a/2 \ “(rnl+g—1 

[iduf [iduf . (2.55) 

' a&G 

This time there are singularities associated to This is expected: when x" = 1, there is 

enhanced non-Abelian gauge symmetry and there are extra bosonic zero-modes parameterizing 
the flat connections on which are associated to poles of the determinant. 

2.2.5 Asymptotic behavior 

In the following sections we will need the asymptotic behavior of the one-loop determinant for 
large values of the moduli cr, which, as we saw around (2.49), is related to a one-loop shift of 
the Chern-Simons levels. In an AA = 2 17(1) theory with chiral multiplets of charges Qi and 
Chern-Simons coupling k, we can define an effective Chern-Simons coupling 

kesicr) = k + sign(Qia) (2.56) 

i 

as a function of the vacuum expectation value of the scalar a [36]. The shift comes from inte¬ 
grating out the matter fermions which have mass jQiCrj. 

The correction in (2.56) is reflected in the asymptotic behavior of the one-loop determinant 
for a chiral field. The bare CS term contributes like in (2.37), ^ while the one-loop 

determinant for a field of charge Qi provides for large |cj|: 

^|Q?sign(Qi(T)m sign{Qi(T) ^2 57) 

The two contributions combine into 


^fcefr(o-) m g2ifeeff((T) ISR'^aDo 


and precisely reproduce the correction in (2.56). 

To see how this works, we need to study the asymptotic behavior of the one-loop determinant 
as (7 —)• ±oo for generic values of Dq. For 6 > 1, the determinant for a chiral field of charge 1 is 


det 

det Ofj, 


n 




1 


(221^- 


n 

n>0 


n(n+b+l) I 2 i (27rfc— 

R^ 

n(n±^ + ^2 + ^ 




2n-|-b-|-l 


(2.58) 


while for generic charge we simply have to reinstate Qi in front of At, <7, Dq and m. The second 
product becomes 1 when Dq = 0, and the first product, after regularization, is the determinant 
we found in (2.48). The limit of (2.48) for large jcrj produces the first factor in (2.57). Consider 
now the second factor in (2.58). Its product over k is convergent and can be performed explicitly: 
calling F its product over k and n, we find 


F=ll fin) 


271+6+1 


fin) = 


n>0 


cosh [/3^/z') — cos At 
cosh (/3-v/z -t- iDo) — cos At ’ 


n(n + b+l) 2 to rrn 5 

z = ^2 -^ • (2-59) 
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We are interested in the behavior of F for |/3 (t| S> 1. In this limit we have 


log / = /3v^ - + + O(e-^^) . 


(2.60) 


It follows that logi^ is a linearly divergent sum over n. The divergent term can be computed 
with ^-function regularization: — X]n>o = ^PRDq. We can approximate the remaining 

convergent sum over n with an integral: 



+ 5 + 1) (\/z — ■\/z F iDo^ + iRDq 


mMDo - ^(5 + l)PRDo + 0{^^) . 


Reinstating the charge Qi, we finally find 


F = exp 


i^R? sign((5icj) QfaDo 


{mhQiDo + 0{^^) 


(2.61) 


The first dominant term gives the second factor in (2.57). A similar computation works for 5 < 1. 

For a general theory we can have mixed Chern-Simons terms and the expression in (2.56) is 
replaced by 

kt^{a) = + 1 ^ Q^^Q\ sign(Qfae) , (2.62) 

i^c 

where the indices a, 5, c run over the generators of the Abelian gauge groups, i runs over the 
different matter fields and are the gauge charges. The correction (2.62) is correctly reproduced 
by the asymptotic behavior of the one-loop determinant. 


2.3 The final formula: rank-one case 

The last step is to integrate the classical contribution and the one-loop determinant over the 
moduli space of BPS configurations, taking properly into account the various zero-modes. We 
follow the strategy used in [4, 5]. There are some new features related to the non-compactness 
of the moduli space and the presence of magnetic fluxes. In order to clearly explain the physical 
ideas, we first consider the case of rank-one gauge groups. 

2.3.1 The integral and the dangerous regions 

We place 1/e^ in front of the Yang-Mills Lagrangian Cym and 1/g^ in front of the matter 
Lagrangian Tmat, and consider localization as e, g —)• 0. For non-zero couplings e, g, the path- 
integral takes the form of an integral over the supermanifold of vector multiplet bosonic and 
fermionic zero-modes. We can write it as 

z = f d^u Fe^g{u,u) , 

Jm 

where the integration is over the bosonic zero-modes—the moduli space 9K + C/27r of flat 
connections—while Te.g is the result of the path-integral over the fermionic zero-modes and all 
other massive modes (we will soon see that this expression is not complete). 

There are some dangerous regions in when we take e —)• 0 and/or g —0. The dangerous 
regions are the points u* € TUsing defined in (2.33) where, in the e —)• 0 limit, extra scalar zero- 
modes from chiral multiplets appear. Suppose that for rt ~ u* there are M quasi-zero-modes (j^i, 
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whose charges Qi have—by assumption—the same sign. Then the integral over the modes looks 
like 



where Ceff is the effective FI term at the point u. Here g can be reabsorbed in the measure for the 
quasi-zero-modes, therefore g —)• 0 does not pose any problem. On the contrary, the second term 
comes from the D-term potential and it ensures that the integral is convergent, even at m = u*, 
therefore taking the limit e —)• 0 is problematic. Let us find an upper bound on |/| at small but 
fixed e. As a function of u, |/| is maximized at u = tt*. By rescaling obtain 

the bound 


_2M f 

1^1 ^ ./UTT I / exp 


\\i\Qi\ 


eff 


esign(Qi) - El-*- 


In the limit that e is small, we can neglect the term in ^efr and the integral can be performed: 


|/|<- 

I I ~ „M 


g2M 2^7r^r(M/2) 


(2.63) 


So, taking the limit of F^fi{u,u) as e —)■ 0 at u = u* is problematic, since we remove the quartic 
potential and generate illusive singularities. The resolution is the same as in [4]. We first remove 
from 971 an e-neighborhood of OTIsing and split the integral in two pieces: 

Z = i (fu F^fi{u,u) + / (fuFefi{u,u). (2-64) 

Jm\Ae ’ JAe 

The second integral is bounded by e^/e^ up to constants, therefore in a scaling limit e,e ^ 0 
such that e^/e^ —)• 0 as well, the second term does not contribute. We thus have 


Z= lim [ cfuFe^Q{u,u) . (2.65) 

e,e^.O 

With respect to [4] we have to be more careful, though, because 971 is non-compact. This 
is similar to the setup in [6-8]. Since 97t = C/27r is a cylinder, we might have a problem when 
integrating over the zero-mode Im du = (5 da. Let us estimate the behavior of the integral. For 
a —)• ±oo, all chiral multiplets are massive and their effect is to shift the bare CS level k as in 
(2.56). Let us call k± the values of the effective CS for a —)• Too. The dangerous part of the 
integral is then, after integrating out D: 


j da exp 


^{k±a + C,f 


where some unimportant constants have been dropped. When k± ^ 0, the integral is convergent 
for any e 7^ 0 but becomes singular in the limit e —^ 0. The resolution is again to remove an 
e-neighborhood of infinity in 971 by considering a large number L{e) and including in the two 
regions |(t| > L. Consider the integral on the region a > L (the case a < —L is equivalent). For 
e —)■ 0 we can neglect and we are left with 


d — J da exp 


2^2 




6 |^-|-| Je\k+\L 
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Since 1‘^dz = ^ J (l + 0(x~^)), it is sufficient to take a scaling limit e, 0 such that 

eL grows as a negative power of e, then the integral over a > L does not contribute. In fact, we 
will take a stronger scaling limit in which e^L diverges as e —>• 0. When k± = {) the integral is 
potentially divergent. The trick we will employ is to introduce a Lagrangian term iKj^ggaD and 
take the limit Atreg 0^. We will verify that the result is the same for the two limits, and it is 
finite. 

In conclusion, by using the convention that we include in the definition of also the two 
regions at infinity and we take a suitable scaling limit, the path-integral is still given by (2.65). 

2.3.2 Configurations with flux 

There is another important difference with respect to the elliptic genus computation in [4] and the 
quantum-mechanical index in [6-8]. In those cases, the superalgebra fixes = ZD = 0 on BPS 
configurations independently of the real contour chosen, while in our case the superalgebra allows 
generic D[x) = iFi 2 {x) for complex D{x). It is well-known that the saddle-point approximation 
to an integral along the real line can get contributions from saddle points away from the real 
line; therefore, let us investigate whether configurations with flux contribute. 

Consider a generic real configuration i^i2(a^) and D{x). As long as e > 0, this configuration 
is suppressed by the classical action weight 




( 2 . 66 ) 


This configuration is not BPS. However if Fi 2 {x) and D{x) are actually constant, then the 
configuration is on the complex orbit of the auxiliary zero-mode Dq originating from the BPS 
configuration D{x) = iFi 2 {x) = In other words. 


D{x) = Do + 


zm 


for 


ZDo G M- 


zm 


We have computed the effective action Z(rt, u, ZDq; m) for the multiplet of zero-modes, obtained 
by integrating out all massive modes, around generic BPS configurations with complex D{x). 
Such an action depends on the constant mode ZDq, and it is valid for all Dq G C. We thus 
learn that configurations with constant F 12 are special because, starting from the BPS point and 
taking Dq G M — we reach the real contour D(x) G M we are integrating over, even though 
such real configurations are no-longer BPS. Let us analyze the contribution of these almost-BPS 
configurations to see whether it vanishes in the limit e —A 0 or not. 

The contribution of configurations with flux Z^i2 = can be written as 




m = AZ lim 

e,e^0 


/ (fu 

/an\Ae . 


(IDq 


dX^ (ZAq Z(u, u, Ag, Ag, ZD| 




) 


where AZ is a normalization constant we will fix later. Here Z{u, u, Ag, Ag, Dq] m) is the effective 
action for all zero-modes (including the fermionic ones) in the multiplet, and it is the result of 
integration over all massive modes. We will analyze this function more in details in the next 
subsection. To compute the integral, we shift the Dq integration contour along the imaginary 
axis until it reaches the real axis. When we do that, we can encounter poles of Z located at the 
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zeros of detO^ in (2.44), and we should pick the residues. However such residues are weighted 
by the suppression factor ( 2 . 66 ): 

Me S'ym = — 2 'Kj 3 R^ Im Dq ( Im Dq + ■^) >0 for — ^ < Im Dq < 0 , 

using the fact that the poles are at MeDo = 0. Therefore, all these residues are suppressed in 
the limit e —)• 0 and we can neglect them.^^ Once the contour has been shifted to the real axis, 
the result is no longer exponentially suppressed by ( 2 . 66 ), and therefore it survives in the limit 
e —)• 0. 

What about all other configurations where Fi 2 {x) is not constant? The corresponding BPS 
configurations have imaginary D-term D{x) = iFi 2 {x), and the complexihed orbit of the auxiliary 
zero-mode Dq spans D{x) = iFi 2 {x) -|-C. If Fi 2 [x) is not constant, then the orbit never intersect 
the real contour D gM. and the BPS configurations do not play a role in the exact saddle-point 
approximation to the real path-integral. 

To summarize, the full path-integral reduces to a sum/integral over the bosonic moduli space 
A4 bps in (2.25) of BPS configurations with constant magnetic flux, 

Mbps = (9?lxrh)/W, (2.67) 

as well as an integral over the fermionic zero-modes. 

2.3.3 Reduction to a contour integral 

Eventually, the expression for the path-integral that we need to evaluate is 

^5^x51 = ^ Zm , (2.68) 

mePi, 

where is the contribution from configurations with constant flux F 12 = 2^5 the sum is over 
the co-root lattice, and \W\ is the order of the Weyl group. In particular 

Zm = -^ lim [ (fu [ dDo [ dX^d-Xl Z{u,u, Xq, Xl, Do-,m) , (2.69) 

ZTT e,e^0 J<xn\As JR+iri J 

the normalization has been fixed comparing with one example, and 2i(rt, rt, Aq, Aq, Dq; m) is the 
effective action for the complete multiplet of zero-modes, obtained by integration over the massive 
modes around configurations with flux m. Setting Aq = Aq = 0 we recover the classical and one- 
loop expressions discussed in sections 2.2.3 and 2.2.4: 

Z{u, u, 0,0, Do-,m) = Z{u, u, Dq; m) = Z" Z" , 

while setting Dq = 0 we obtain the holomorphic expression Z{u, u, 0; m) = Z{u; m). The function 
Z is holomorphic in Dq around the origin as long as u ^ A^. Therefore we have the freedom 
to shift the real integration contour on the complex Do-plane along the imaginary direction, as 
long as this shift is small: in (2.69) we have called rj such a shift. 

we reduce e, we cross a larger number of poles. However the number of poles is polynomial, while the 
suppression factor is exponential. 
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The action Z{u,u, Xq, Xq, DQ;m) depends on the gaugino zero-modes because of the La- 
grangian couplings X^lJ(j) to the matter fields we have integrated out. The dependence on Aq 
and Aq could be determined by an explicit computation as in [4, 5], but we can use a shortcut 
exploiting supersymmetry. The integration over the fermionic zero-modes gives 


/ d d 

dX^dXl Z{u,u,XQ,Xl,Do-,m) = —u, Aq, aJ, Dq; m) 




This expression can be simplified using the fact that Z is supersymmetric. Prom 


0 = <32 = (at 0 = <32 = (a„|. + 2 . (2.70) 

it follows that 


We can thus write^^ 


Vq - 

SAq dxl 




(2.71) 


Zm — 


1 


lim 


27 r ^ e ,£^>0 



dDo dZ{u,u, Do]m) 
Dq du 


lim 

e,e^0 



dPp 

Dp 


Z{u, u, Dp]m) . 


(2.72) 

The same expression was found in a similar context in [4, 5]. The higher-rank generalization is 
discussed in section 2.4. 

The second expression in (2.72) seems to have a pole at Dp = 0, however there is no pole in 
the first expression because duZ{u,u,0;m) = 0. In fact each separate connected component of 
dAs gives rise to a pole, while their sum does not. Let us consider each of them separately. 


• Consider a component of dA^ around a point u* G SOIsing- Suppose that we have chosen 
r] > 0. From the unregularized expression (2.44) of the denominator det of the chiral 
one-loop determinant, we see that the poles in the Do-plane are at 


p{Dp) = ip{af + i 


{p{At) - 2'KkY 


+ iC' , 


where C is non-negative, vanishing only for n = 0 and 6 > 0. 

If p < 0 the poles are in the negative half-plane. As e —0, the poles for n = 0 collapse 
towards Dp = 0 (because |u| ~ e on the contour dA^), however the contour M + ip is safely 
far from them. The Do-integral remains finite as u —)■ 0, and then the u-integral vanishes 
because its contour shrinks. On the contrary, if p > 0 the poles are in the upper half-plane 
and, as e —>■ 0, they would cross the contour M -|- ip. To avoid that, we shift the contour to 
M — ip and we collect minus the residue at Dp = 0. As before, the integral along M — ip 
does not yield any contribution as e —>• 0. Minus the residue at Dp = 0, though, gives 


— lim / du Z{u,u,0]m) 
2vr e,e^0 JpAe 


i Res Z{u] m) , 


use dPu = ^du A du and <9(101 \ Ag) = —ciAe. 
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since Z{u, u, 0; m) is holomorphic in u and there is no dependence on e anymore. Suppose, 
instead, that we have chosen r] < 0. A similar argument goes through, and we obtain minus 
the residue at tt = n* if p < 0, zero if p > 0. 

We reach the conclusion, as in [4], that for ry > 0 we collect the residues of Z(u]m) at 
the points u* G corresponding to chiral fields with positive charges, while for jy < 0 

we collect minus the residues at the points u* G corresponding to chiral fields with 

negative charges. This operation is called the Jeffrey-Kirwan residue [9]: 

^buik _ JK-Res (Q(u*), ?y) Z(u; m) i du , (2.73) 

^^ U=Ut, ^ ' 

ti* G ^J^sing 

where Q(tt*) is the set of charges of the helds responsible for the pole of Z{u\ m) at u*. We 
can rewrite the expression in the x-plane: 

_^buik ^ JK-Res (Q( 3 :*), ry) Z(x;m)—. (2.74) 

^^ x=Xf ^ ' X 

3;* e 


• Consider the two components of d/S.^ around Imu 
as in (2.72), with 


±oo. They give a contribution 


bdy 


Z{u, u, DQ]m) ~ exp 


27r/3R^ 


Dn 


^ zm 


+ 2iPR^k±aDo + 2ij3B?a"^ Dq 


Z{u]xn) 


(2.75) 

for large |Imtt|. The three terms come from (2.66), (2.37) and (2.39), respectively. We 
have used that the asymptotic behavior of the one-loop determinants shifts the bare CS 
level k as in (2.56), and we have denoted 


k± = /cefr(±oo) 


(2.76) 


the effective CS level for Imtt = ±oo. 

Consider first the case that k± 0. We have to evaluate the integral over Dq G M -|- zzy 
in the scaling limit e —)■ 0 with e^cr —)• oo, therefore the terms containing m and are 
negligible. We can make use of 


lim [ 2:(^u;m) 

ea^ioo Do 


—27rzZ(u;m) 
< 0 

2TriZ{u;m) 


if ry > 0 , k±a < 0 

if ry k±a > 0 

if ry < 0 , k±a > 0 . 


(2.77) 


We are left with a contour integral of Z{u]m) around the two infinities, which can be 
written more elegantly as a Jeffrey-Kirwan residue on the x-plane,^^ 

Y] JK-Res(Q,.,ry) Z(x;m)—, (2.78) 

x=Xt ^ ' X 

Xf=0,oo 

^^The residue at infinity is defined with a clockwise contour: Res f{x) = ^ ^ /(®) ~ ~ fo o 
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if we assign charge vectors to the singularities at x = 0, oo according to the effective Chern- 
Simons levels: 


Qo 5 Qoo • 


(2.79) 


If A:+ = 0 or A:_ = 0 we need to regularize the integral on a: we choose to do it by adding 
a Lagrangian term —iK^egO'D and then taking the limit K^eg —^ 0^. We show in section 
2.3.4 that the result is independent of the sign of n^eg, and in fact it is zero. Hence the 
prescription is that we do not take any residue at infinity when k± = 0. 

The full path-integral is obtained by summing and over all magnetic fluxes. In the 

rank-one case, we can elegantly write both contributions as JK residues on the complex x-plane. 
Moreover, the holomorphic I-form is precisely the product of classical and one-loop 

contributions of section 2.2.3 and 2.2.4, Z{x;xn)^ = Zint(x;m), therefore the final expression is 


■^52x51 


1 

IWJ 


E 

msr f| 


JK-Res (Q(tt*),r?) Zint(x;m) -k JK-Res((5x,?/) ^int(a;;nr) . 

^^ X=X* ^ ' X= 0 ,CX) 

iC* G ^^sing 

(2.80) 


2.3.4 Cancelation of bonndary contributions 

It remains to verify that our regularization of the boundary contribution through Kreg, when 
k± = 0, leads to zero (and in particular it is independent of the sign of Kreg —)■ 0^). 

Consider one boundary component, either u = -|-oo {x = 0) or u = — oo (x = oo). For 
one sign of K^eg, we simply do not collect the residue for any value of m and we obtain trivially 
zero. For the other sign of Kregj instead, we should sum the residues for all values of m. Since 
A:+ = 0 or A:_ = 0 by assumption, the leading behavior of .^i-ioop around x = 0 or x = oo does 
not depend on m (a CS term appears as a factor x^"'), although there can be a dependence on 
m in the subleading terms in the series expansion. It follows that, depending on the value of the 
external fluxes, either we have a pole (of the same order) for all values of m or for none. In the 
latter case we get zero. In the former case, after a suitable expansion and up to a shift in m, the 
residues will be sums of terms of the form We should then evaluate the objects 




These sums are not convergent, but can be defined via ^-function regularization or analytic 
continuation. First of all 


so{z) = y] z'" = z"" + yy = o. (2.81) 

mSZ m>mo m>—mo+1 

Then all Sa{z) can be formally obtained by taking derivatives of so(^)) and therefore they all 
vanish. We conclude that the sum over m of the residues vanish. 

As a further check, we will conhrm in some of our examples that, as we change r] and 
the JK residue picks up different contributions from the singularities in the “bulk” and from 
the boundaries, we always find convergent and well-defined expressions which eventually do not 
depend on r]. 
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2.4 The integral: higher-rank case 

The generic case of a gauge group G of higher rank r can be tackled with the same physical ideas, 
however it becomes technically more involved because of the richer topology of the moduli space 
and the singular subset OlTsing- The space x f} is the product of r complex cylinders. 

The singular subset TRsing is a collection of hyperplanes Hi. Moreover we have to decide how 
to regularize the non-compact manifold 9J1 at infinity. Eventually, OH \ fUtsing has a complicated 
topology. 


2.4.1 Integration domain 

In section 2.2.2, to each chiral multiplet we have associated a charge covector Qj = pj £ 1)* 
equal to the gauge weight, and a “singular” hyperplane Hi = {u £ Tl \ = 1} C 

(with the topology of x ]R”“^) which is the dangerous locus where a would-be zero-mode 
may appear as e —> 0. Since the hyperplanes are defined by an equation with real coefficients, 
their restriction (or imaginary projection) to f) is well-defined. To each hyperplane we associate 
an e-neighborhood 

Ae(i/j) = {u £ 9K I \pi{u) -|- Pf{v) -|- 27rA:| < e , for some /c £ Z} . (2.82) 


We also need to introduce “hyperplanes at infinity” and remove their neighbourhoods. The 
simplest choice would be to remove, for each a = l,...,r, the locus ±lmua > T, where L 
scales in a suitable way with e. This, however, would lead to an expression difficult to evaluate. 
As we already saw in the rank-one case, the integral over Dq near the boundary depends on 
the asymptotic value of the effective CS levels (2.62), and the formula has a jump as we cross 
the restriction of an hyperplane on f). When an hyperplane Hi intersects a boundary locus, it 
divides its restriction on f) into parts with different values of the effective CS levels. To avoid 
this complication, we cut a series of boundaries H'^ at infinity, defined by linear equations 


Er^ = {n£fm|7„(Im«) = L„} , (2.83) 


where La{£) is a large cut-off. The H^s have the topology of T” x and their restriction 

to f) defines a convex polyhedron around infinity. We choose the polyhedron with the property 
that every face H^ that intersect one or more matter hyperplanes Hi, is orthogonal to all of 
them with respect to the Killing form (actually, we could use any arbitrary positive-definite 
metric on f)): 

7ai^abQ^ = 0. (2.84) 

We can then associate a charge vector Qa £ f)* to each face, in analogy with what we did in the 
rank-one case: 

Q% = -l^o.Kabkl^, (2.85) 


which is well-defined on H^ and it does not jump. The convex polyhedron we have constructed 
can have a large number of faces, but it certainly exists. For each face H^, we define Ag{H^) 
as the region of bounded by H^ and lying outside the polyhedron. 

Now the arguments of section 2.3.1 go through. For large |cj|, the path-integral contains 

f (fa exp - y + C) Kac + C'") 
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If the matrix is positive definite, we can neglect C and the integral is convergent—in 

particular the region outside the convex polyhedron has vanishing contribution as the polyhedron 
is expanded. If, instead, the matrix has some zero eigenvalue, we can always introduce the 
regularization term aaKreg^°'’^^b- 

For simplicity, we will use the index i for all neighbourhoods, including those at infinity. For 
the hyperplanes at infinity we take cut-offs La{e) which suitably scale with e. We then define 

A, = lJ.A,(i/0 , (2.86) 

and consider the integral over 9JI \ A^. 


2.4.2 Stokes relations 

As in the rank-one case, the path-integral reduces to ^ 52^51 = Z^merf, with 




= M lim 
e,£—>0 


[ (fu (fu f 

Jt] 


(TD 


d2r 


i]+iS . . . dXrdXl 


Z{u, u, A, X\D; 




A=At=0 


(2.87) 


In order not to clutter formulas, we have dropped the subscript 0 from the zero-modes. Since 
Z is holomorphic in D around the origin, we have shifted the D integration contour by a small 
vector d G f). Following [5], we can use some “Stokes relations” to reduce the integral over 5JI to 
the contour integral of a meromorphic r-form along a specific r-dimensional cycle. We refer to 
[5, 6 ] for the detailed argument, while here we just point out the peculiarities of our case. 

To absorb the zero-modes, we use the following construction. First, as in (2.70), supersym¬ 
metry guarantees that 


D, 


d 

dXi 


Z = -iXr. 


A. 

dUn 


z. 


( 2 . 88 ) 


We define the following (r — n)-forms, for n = 0,... , r: 




duci A • • • A duc^_^ eb^,„b^_ 


Q2{r-n) 


SAci^A^^... dXc,_Jxl^_^ 


(r — n)P 

With a little algebra, one can show that (2.88) implies the relations 


A=At=0 

(2.89) 


2=1 

where ^ means omission and d = dua . 

Then define the forms 

dXu A A > (2-91) 

where Qi G f)* are s covectors. Using the previous relation we get 

dlJ'Qo,...,Qs = dlJ'Qo,-,Qs = ■ (2.92) 

i=0 
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These forms are useful because with no vectors. 


/i = A d^u A dJ'D 


d2r 


Z 


dX^dX\... dXrdXl 

is the integrand of the partition function Z^n, while with r vectors 


A=At=0 


•r jr jr r-i det((5i • • • Qr) ^ 

. 

where the last term is the classical and one-loop action. 


A=At=0 


(2.93) 


(2.94) 


2.4.3 Reduction to a contour integral 

The boundary of the integration domain \ is separated into “tube regions” 


Si = dA,ndA,(R,) • (2.95) 

We also introduce 

= n...n5i, , (2.96) 

with the natural orientation which makes them antisymmetric in the indices. They satisfy 


dA, = IJ. Si , = - U , , (2.97) 

as proven in [5]. Each manifold has real dimension 2r — s if not empty. Therefore the 

decompositions in (2.97) are almost disjoint: every intersection has dimension lower than the 
components, and the integral over the union is the sum of the integrals. 

We can construct, as in [5], a cell decomposition of \ A^ such that: 


\ A, = □. a , dC,,...,, = Y, . - s,,..,, , (2.98) 

^ 3 

and each is associated to the set of charges Qiu • • •) Qik the hyperplanes {Hi}. Recall 

that we are using the index i for all hyperplanes including those at infinity. 

We can use repeatedly the Stokes relations to reduce the integral over 9R \ A^ to an integral 
over a middle-dimensional cycle in du. The argument goes exactly as in [4, 5]. We do not repeat 
all the steps of the argument, which has been spelled out in details in [4, 5] and [6], but we simply 
review the logic and mention the necessary modifications to deal with the boundary components. 

The partition function is given by the integration of the form /r (2.93) on a 3r-cycle given by 
T X 9JI \ Ag where T = f) -|- is the contour for the D-integration, shifted from the real “axis” by 
a small vector <5 G f}. The integral can be manipulated by using iteratively the Stokes relations 
starting from the cell decomposition (2.98); for example, as in [4, 5], one can derive 


I 


rxajt\Ae 


= 


E 


Tx5i 


d'Qi 


E 

Kj ’ 


TxSi. 


d'QiQj + ■ ■ ■ 


(2.99) 


In using the Stokes relations we generate poles in D with denominator Qi{D) and we restrict the 
variable u to live near the hyperplanes Hi. At each step we can deform the contour on D and 
pick residues at the poles in analogy with what we did in the Abelian case. 
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Consider for example the integral /xq. on the contour T x S'j. We need to distinguish the 
case where i refers to a matter hyperplane and the case where i refers to a boundary at infinity. 
The latter case is the new ingredient compared to [4, 5]. 

Near a singularity due to a chiral field with vector charge Qi, the D integral is zero if 
Qi{5) < 0 because we can shrink the integration domain Si without encountering singularities, 
exactly as we did in the Abelian case. If Qi{5) > 0, we modify the D contour by changing 5 
until we can shrink the integration domain. We are left with an integral over a contour Tj, which 
consists of a circle around zero in the variable Qi{D) and is parallel to the real ’’axis” with an 
imaginary shift i6i in the remaining r — 1 variables with Qi(D) = 0. The shift 6i must satisfy 
Qii^i) = 0 , and is different from the original 6. 

Near a boundary component specified by the equation 7 j(Imu) = Li, we can parameterize 
/3cJa = LiKab'^i /\'yi\‘^ + "Ha, where r]a satisfies 7 ( 7 ) = 0 and spans the plane. The integral in D 
contains the terms 


2-kI3R‘^ 

TT- 


K<^>>DaDb + 2i/3R'^aak^^(a)Dt ^ g' 


TT- 


K‘^>’DaDb - + 2iB?r,ak‘^^{<7)Di, 


( 2 . 100 ) 


where the charge of the hyperplane at infinity was introduced in (2.85). For large Lj, the 
imaginary part of the exponent is controlled by the sign of Qi{D), and we can close the contour 
in the variable Qi{D) by adding a semi-circle in the lower half-plane. By rescaling D —)• eD, 
the classical and one-loop contributions become independent of D in the limit e —)• 0 and the 
only pole comes from l/Qi[D). If Qi{5) < 0, there are no poles in the integration contour and 
we obtain zero.^"^ If Qi{d) > 0, we modify the contour by changing 5 and we are left with an 
integral over a contour Tj which circles around zero in the variable Qi{D), and is parallel to the 
real “axis” but shifted by an imaginary shift i5i, with Qi{6i) = 0 , in the remaining variables. 

Each term in (2.99) can be further manipulated using the Stokes identities; for example we 
can derive, as in [4, 5], 

d^Qi =-^ dnQ^QJ - ^ / d^iQ^Q^Q^ + ... . ( 2 . 101 ) 

jX j j^k 



At this point, using the same argument as above, Tj can be deformed to a contour Tij which 
circles around Qi{D) = Qj{D) = 0. The process can be iterated until we obtain a sum of terms 
of the form 


L 






^^One might worry that, moving along the hyperplane at infinity, rja can become so large to change the sign 
of the imaginary part. However, in the limit e —>■ 0, the boundary integrals are dominated by the region D ~ 0; 
for large r/a we are far from the matter singularities, the integrand is a regular function of D and the rescaling 
D —>■ eD shows that - .Qi^ with s < r vanishes with some power of e. It remains to analyze the 

terms with r = s which are r-dimensional integral in du near the intersection of r hyperplanes (we can always 
choose a boundary contour such that no more than r hyperplanes intersect in a point). If we are at the intersection 
of a boundary hyperplane with matter hyperplanes, the rja are finite and there is no problem. If we are at the 
intersection of two or more boundary hyperplanes, the rja can be large. However, we can always arrange our cut-off 
at infinity in a hierarchy Li 7> 4/2 • • • • On the boundary hyperplane with the largest value of Li the corresponding 
rja will be necessarily smaller than Li and the argument applies. 
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where is a T’’ contour around the origin in the D plane. The integral over D picks up 

the residue of the denominator l/Qi^{D) ■ ■ ■ Qi^{D) and gives ±1. After the D integration, the 
integrand becomes the classical and one-loop action Z\at{u]m). The difficult part of the story 
is to keep track of all non-vanishing contributions, or their signs and of the necessary shifts in 
the D contour. This can be done by the method explained in [4, 5] which introduces a reference 
covector 77 E f}*. The final result is given, after summing over the fluxes, by 


■^52x51 


1 

W\ 


E 

mern 




^'mt (^) TTl) 


( 2 . 102 ) 


where 




1 if T/e Cone(Qji,... ,Qv) 
0 otherwise 


(2.103) 


and it is independent of the choice of the reference covector rj. 

The integrand has singular points where r or more linearly independent hyper¬ 

planes intersect and ( 2 . 102 ) reduces to a computation of residues. At points u* where only 
matter hyperplanes intersect—the set of such points was called in (2.34)— the expression 

in (2.102) is precisely the definition of the Jeffrey-Kirwan residue [9], as shown in [4, 5]. We can 
thus write the partition function as 


-^S2x51 
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E 

meFi, 


E 

sm* 


JK-Res (Qu^, r/) Zint(tn; u) -|- boundary contribution . 

U=U=^ ^ ^ 


(2.104) 


In this formula, u* are intersections of the matter hyperplanes only, and Q(ri*) is the set of charges 
of the hyperplanes intersecting at u*. The boundary contribution refers to the intersection 
of hyperplanes at infinities, among themselves or with matter hyperplanes, and it should be 
computed using (2.102). We can simplify the evaluation of the boundary residues by choosing a 
convenient boundary polyhedron. With an appropriate sets of linear forms 7 ,, we can restrict to 
the case where the intersections at infinity are transverse and no more than r boundary or matter 
hyperplanes meet at the same point: in that case, the contour is simply a r-dimensional 

torus. For r — s boundaries meeting s matter hyperplanes, we need to perform an integration 
over the r — s angles Me u of the boundary component and an integration over an s-dimensional 
contour which circles around the s matter hyperplane singularities, computing the residue at the 
corresponding pole. 

It would be interesting to give a proper geometrical interpretation of the boundary contri¬ 
bution, maybe as some generalization of the Jeffrey-Kirwan residue [9]. 


3 Examples 

In this section we compute the partition function for various examples of Abelian and non-Abelian 
theories in order to demonstrate the use of our formula. We discuss examples of Yang-Mills- 
Chern-Simons theories with (anti)fundamental and adjoint matter. We will be able to recover 
and generalize standard results about Chern-Simons theories and to confirm various dualities 
between three-dimensional theories with matter. Our results can be interpreted both as a check 
for our prescription as well as further evidence for three-dimensional dualities. 
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3.1 Yang-Mills-Chern-Simons theories with fundamental matter 

We first discuss in details the case of U{1) theories which nicely exemplify our prescription for 
computing the topologically twisted partition function and illustrate many subtleties. As non- 
Abelian examples we consider the Aharony [12] and Given-Kutasov [13] dual pairs. 

3.1.1 t/(l)i /2 with one fundamental 

We start considering a 17(1) theory with Chern-Simons coupling k = ^ and one chiral multiplet 
X of gauge charge 1. Since this is our first example, we are pedantic and give many details. 

The chiral fields and charges are: 



U{l)g 

U{1)t 

U{1)r 

A 

1 

0 

1 

T 

0 

1 

0 

f 

-1 

-1 

0 


Here T, T are the monopole operators 17n corresponding to magnetic fluxes m = 1 and m = — 1, 
respectively, which play an important role in the identihcation of the dual theory [36]. Their 
charge Q under a generic flavor or R-symmetry is determined using the formula 

Q(i7n) =[pitnl , (3.1) 

bi 

where the sum runs over all fermions in the theory and pi are their gauge charges. The same 
formula determines the one-loop contribution to the gauge charge of the monopole VJn to be 
added to the classical contribution km. The only flavor symmetry in the theory is the topological 
one, denoted as U{1)t, under which only the monopoles are charged. We choose R-charge (? = 1 
for the chiral multiplet, so that the fermion has R-charge zero, and no mixed gauge-R-symmetry 
CS term is necessary. 

The matter content of the theory is not invariant under charge conjugation, signalling po¬ 
tential parity anomalies. These are however compensated by the half-integral Chern-Simons 
coupling. One can see this by noticing that the effective Chern-Simons coupling (1.10), 

fceff(o') = \ + ^sign((T) , (3.2) 

is always an integer, implying the absence of parity anomalies. 

According to our rules, we construct the partition function by including the following ingre¬ 
dients: 

• a measure on the x plane; 

• the classical CS action contribution (1.5) which, for k = 1/2, reads 

^®The gaugino has R-charge 1 and is gauge neutral. Therefore, strictly speaking, the theory requires a half¬ 
integral R-R CS term. However we neglect such term because it does not introduce a dependence on the parameters, 
and it gives at most a constant phase. 
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• the one-loop contribution (1.3) of a chiral multiplet of gauge charge 1 and R-charge 1 which 
reads 

• the contribution (1.7) for the topological symmetry, where ^ and t are the fugacity 
and the background flux for U{1)t- 


The partition function is then given by the contour integral 


2 = E 


dx 


2TTix 




,1/2 


— X 


E 

mEZ 


rJ^ ^m+t —1 

_ 

27ri (1 — x)™ 


(3.3) 


We included an extra (—1)’", which can be reabsorbed in the definition of for later convenience. 

The contour integral should be evaluated according to formula (1.13). The integrand has 
singularities at x = 1, x = 0 and x = oo. The charge vector for x = 1 is given by the charge of 
X, Qx=i = 1. The charges at “infinity” are related to the asymptotic CS levels by (1.11): they 
read Qx=o = -^eff(+oo) = -1, Qx=oo = kesi-oo) = 0. 

In order to use formula (1.13) we need to choose a number ij. If we choose r/ > 0, the formula 
instructs us to take the residues at the singularities with positive charge. We thus need to pick 
the residue at x = 1 which exist for m > 1. We get 


z = E(-«)" 


m>l 


^m+t —1 

Res 7 ^ 

x=l (1 - x)"^ 


(t+ l)m-l 

^ (m-1)! 

m>l ^ ^ 




(i_^)t+i ’ 


(3.4) 


where (x)„ = W^Zq{x + j) is the Pochhammer symbol (for n S Z>o). 

We could obtain the same result by resumming the integrand over m > 1 first and then 
taking the residue. We are interested in the poles at x = 1, which exist for m > 1, and we can 
take a contour with |1 — x| = a as long as a < 1. The series to sum is (Cx/(x — 1))'", 

which converges uniformly along the contour for sufficiently small We find 


Z = 


I E 

m>l 


X — 1 


dx x*^ 




27r/ 1 - C X - ^ (1 - 0'+' 


(3.5) 


We have taken the residue at x = (1 — which is the only pole inside the integration contour. 

If we choose r/ < 0, instead, we should take minus the residues at x = 0. The result is the 
same. The residues at zero are indeed 


m+t-l 

Res -r- 

x=o ^ (1 - x)'” 




/ 1 (t+l)—m—t _ ( 1 Mtl (iTl) —m —t 

T (-m-t)! “ 1 (-m-t)! 


m-Ft> 1 
m-M< 0 . 


(3.6) 


We can sum them for |^| > 1: — R'eSa;=o = • 

According to our prescription, since Qx=oo = 0) we have taken no residue at x = oo. The 
residues there are non-vanishing both for indefinitely positive and negative values of m (for m > 1 
and m<—tift>0, otherwise they are all zero). Their sum is not convergent, but it can be 
broken in two halves which converge in different regions of the complex plane of fugacities, and 
then defined by analytic continuation. The result is indeed 


Res 

^ ^ rr=r50 




Res 


' x=oo 
m m>l 


i«i<i 


-|- Res 

< ^ rr=oo 


m<—t 


i?i>i 


= 0 , 
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confirming our argument in section 2.3.4. 


It is well known that the theory above is dual to the theory of a free chiral multiplet, which 
can be identified with the monopole T [38, 39]. Hence the dual theory is a free chiral T of flavor 
charge 1 under U{1)t and R-charge 0. The dual theory also has half-integral CS terms kxT = —^ 
and kjiT = We thus have: 


■^dual — ^ 


_ t-t/2-ri/2 




) 


t+1 






(3.7) 


This agrees with the result (3.4) for the original theory. 


3.1.2 SQED with one flavor 

Consider a U{1) theory with two chiral multiplets of charges ±1, and no Chern-Simons couplings. 
The theory is parity-invariant (although turning on a background for the R-symmetry breaks 
parity, and indeed an R-R CS term is necessary because of the gaugino). The chiral fields are: 



U{l)g 

U{1)t 

U{1)a 

U{1)r 

Q 

1 

0 

1 

1 

Q 

-1 

0 

1 

1 

M = QQ 

0 

0 

2 

2 

T 

0 

1 

-1 

0 

f 

0 

-1 

-1 

0 


(3.8) 


Here T and T are monopole operators of magnetic charge ±1, respectively. According to our 
rules, the partition function is 


^ = E 


/ 


dx ., 

-a; ( 

27rz X 



X2y2 \m+n 


1 — xyy 


_i 1 
X 2^2 

1 — x~^y 


—m-l-n 


(3.9) 


where ^ and t are the fugacity and background flux for the topological symmetry U{1)t, while y 
and n are for the flavor symmetry U (1)a- We included an extra (—I)*", which can be reabsorbed 
in the definition of for later convenience. 

We choose y > 0, and formula (1.13) instructs us to take the residues from the field Q with 
positive charge, whose pole is at x = i. Since keg = A; = 0, we do not take any residue at 

-i " 

X = 0, oo. There is a pole at x = ^ only for m > 1 — n. In order to evaluate all the residues, we 
take a contour around ^ and sum the integrands. The series is (^(y — x)/(l — xy))"^, and we 

^®We can start from the duality between 17(1) SQED with one fundamental Q and one antifundamental Q, 
and the Wess-Zumino model MTT [36] discussed in section 3.1.2 —see in particular the table of charges in (3.8). 
We turn on a real mass m > 0 for the axial symmetry U{1)a and for U(1)t, the latter corresponding to a FI 
term C, = m. In the electric theory, the vacua are at the zeros of the effective D-term “potential” specified by 
'^D('r) = fceff(o'), U£)(0) = C- Q fi'iid Q are generically massive, with the exception of ct = —m where Q is massless, 
and a = m where Q is massless. Integrating them out we find fcefr = 0 for jcrj > m, | for |(t| = m, 1 for 
jcrj < m. It follows that the vacua are at cr = —m (where Q is massless) as well as along the flat direction a < —m 
parameterized by T ~ Integrating out Q, the effective theory at cr = —m is U{l)i with a fundamental Q. 

On the magnetic side, the effective theory is the free field T with krr = — 5 and knT = 
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have uniform convergence along the contour for sufficiently small We sum over m > 1 — n and 
then take the residue at the unique pole inside the contour, namely at x = The result is: 


__ 

(1 - y2)2n-l(i _ ' 


(3.10) 


The dual theory is a Wess-Zumino model with fields M, T, T and a cubic superpotential 
W = MTT [36]. The partition function is 


Z = 


Vl - y2 


2 n-l 


i _i _i 

^2 2/ 2 \t—n+l/ ^ 2^/2 \—t—n+1 


(3.11) 


This agrees with (3.10), up to an ambiguous sign (—1)*^+^. 


3.1.3 U{Nc) with Nf flavors and Aharony duality 

The previous example generalizes to higher gauge rank and number of flavors. Consider a U{Nc) 
theory, with Nf chiral multiplets Qa in the fundamental and Qb in the antifundamental rep¬ 
resentations, and no CS interactions. For simplicity, we only introduce backgrounds for the 
R-symmetry, the topological symmetry and the U{1)a subgroup of the flavor symmetry acting 
with the same charge on all chiral fields. We assign R-charge 1 to the chiral fields. Hence: 



U{N,)g 

U{1)t 

U{1)a 

U{1)r 

Qa 

Ne 

0 

1 

1 

Qb 

Ne 

0 

1 
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Mab — QaQb 
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0 

2 

2 

T 

1 

1 

-Nf 

-iVc + 1 

f 
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-1 

-Nf 

-iVc + 1 


Here T, T are the monopole operators Ki corresponding to magnetic fluxes m = (1,0, ...,0) 
and m = (0,... 0, —1), respectively. Their charges under a generic flavor or R-symmetry Q are 
determined using the formula 


Q(^n) = -^ E E ’ (3.12) 

i>i pi&Ki 

where the sum runs over all fermions in the theory, 91* denote their representations under the 
gauge group and pi are the corresponding weights.The partition function of the theory is given 

^^Although the R-charge of the gaugini A is —1, in (3.12) one should use their complex conjugate A'^ with R- 
charge i?(A'^) = 1. This is because the Dirac kinetic action, written in terms of A, A^ in (2.10), has opposite sign 
with respect to the one for the matter fields in (2.17), and therefore the coupling to the gauge field has 

opposite sign as well. If we rewrite the Dirac term in (2.10) in terms of A'^, A'^i, it gets the same sign as the one in 
(2.17). 
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by 




(3.13) 


where ^ and t are the fugacity and background flux for the topological symmetry while y and n 
are for the diagonal flavor symmetry. We inserted a factor (—1)^^'S’"®, which can be reabsorbed 
in a redefinition of for later convenience. 

Since kgg = k = 0, we can ignore the residues at the boundaries. We should choose a vector 
fj G we choose ry < 0, hence we have to collect minus the residues from the negatively 

charged fields Q. They are located at Xj = y and they exist only for rrij < n — 1. In order to 
evaluate all the residues we can sum the geometric series in (3.13) first: 


yNcNfn^Ncn r 

^ = (-l)^c(^/n-i)iVJ Jo n ^ (1 - [l{y - x,rf - (1 - x,y)^/] H' 

(3.14) 

In the limit ^ oo the series converges uniformly along a contour that encircles only the relevant 
poles. We have introduced a factor of (—l)'^'" coming from our prescription for rji < 0, and the 
contours in the previous formula are counterclockwise. 

We define the degree-polynomial 


Nf 


V{x) = i{y-x)^f - {l-xy)^f = (-1)^/(C - H ’ 


(3.15) 


Q = 1 


where x^ are defined to be its roots, and we easily derive: 


Nf 
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Q = 1 


Xry = 


-1 

^-yNf ’ 


Nf 


JJ (1 - Xay) 




a=l 


^-yNf 


(3.16) 


In (3.14) we should pick the residues at Xi = Xai for all choices of Nc integers G {1,... , Nf} 
but, due to the Vandermonde factor Y\f^j{xi — Xj), only the residues where the integers ai are 
all different give a non-zero contribution. We then obtain 


Z = 


(^_l^Nc{Nf{n-l)-l) yNcNfti ^Ncti 
(? - 


r* ^ 

^Nc 

En 

I a&I 


NfU—Nc+i 

Xa 


(l-X„y)^/(2n Xfi) ’ 


(3.17) 


Nf 

where / runs over all combinations of W different integers in {1,..., Nf}, while N denotes 
the complementary set {1, • • • , Nf} \ I belonging to 
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For Nf < Nc, the expression above obviously vanishes.^® If Nj = Nc, there is only one I 
while = 0. We immediately get 


ZNf=Nc = (- 1 ) 


Nc+i 


yN^{3n-2) 


(1 _ y2^Af2(2n-l) ("2 _ ^y-Nc^Nc(l-n)+i _ ^-ly-N^'jNc(l-n)-i 


(3.18) 


The dual theory for Nf = Nc is given by the helds Mat, T and T, coupled through the 
superpotential W = TT detM [36]. The partition function of the dual theory is then 


/ y \{2n-l)N^/ ^\y ^2 \Afc(l-n)+t/ ^ 2y ^2 \Afc(l-n)-t 

VI — VI — / V1 — / 


(3.19) 


This agrees with (3.18), up to an ambiguous sign (—l)'^‘'+h 

The expression (3.17) for Nj > Nc is more complicated but we can use it to check Aharony 
dualities [12]. The dual theory is a U{Nf — Nc) gauge theory with Nf fundamentals qa, Nf anti¬ 
fundamentals qb and Nj + 2 singlets Mab, T and T, corresponding to the mesons and monopoles 
of the original theory, with a superpotential W = MabqaQb + V-T -|-u+r, where v± are monopoles 
of the dual theory [12]. We assign the charges consistently with the original theory: 



U{Nf - 

Nc)g U{1 )t 

U{1)a 

U{1)r 

Qa 

Nf - 

n 
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-1 

0 

% 

Nf - 

\ 

0 

-1 

0 

Mab 

0 

0 

2 

2 

T 

0 

1 

-Nf 

-Nc + 1 

f 

0 

-1 

-Nf 

-Nc + 1 

v+ 

0 

1 

Nf 

Nc + 1 

V- 

0 

-1 

Nf 

Nc + 1 


Notice that the dual quarks have R-charge zero and axial flavor charge —1. 

The partition function of the dual theory is obtained by multiplying the contribution of the 
gauge sector for the quarks qa,qb with the contribution of the singlets Mab, T and T. The hrst 
contribution is the partition function for a U{Nf — Nc) theory with quarks qa,qb which we can 
read from (3.17). According to our assignment of charges, we need to replace the background 
charge and fugacity for the flavor symmetry by y •(-)• y~^ and n ■H' 1 — n, as well as Nc Nf — Nc- 

^®When Nf < Nc — 2, this reflects the fact that the theory has no supersymmetric vacuum [12, 36). When 
Nf = Nc — I the interpretation is more subtle. The theory has a deformed moduli space given by TT det M = 1 
which is a smooth manifold, therefore the theory is IR free. However the equation forces T,T,M 7 ^ 0, therefore the 
theory spontaneously breaks the global symmetry U{1)t xU{1)a xU{1)r to the subgroup 17(1)^' = Uil)R-Uil)A, 
which is an IR R-symmetry (it is not the superconformal one, though, which is accidental). For generic background 
fields, supersymmetry is broken and indeed (3.17) is zero. However supersymmetry is preserved if we set to zero 
the backgrounds for broken symmetries and only retain the one for , which corresponds to ^ = j/ = 1 , t = 0 , 

n = 1. In this case (3.17) is a formal 0/0, which could potentially lead to a finite result. Unfortunately we do not 
have equivariant parameters in the UV that could “compactify” the moduli space, therefore we do not expect to 
be able to define a finite partition function. 
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We find 


yiNf-N,)Nfin-l)^[Nf-N,)(l-n) 

_ y-Nf^Nf-N, 




^-Nfn+Nc+l 


? UaeAx(3 - Xa) ■ 

(3.20) 

The x/s are the roots of V{x) = i{y~^ — x^f — (1 — xy~^)^f = 0, and in fact xp = 1/xp. We 
can thus rewrite Zqq in terms of and convert the products over J into products over using 
the full products in (3.16). We get: 


Zqq - 


(_l)A^/(A^c(n-l)+n)+AfcyiV/(Afj--Af,)(l-n)|Arjn+Ar,(n-l) 
(1 _ y2^^/(l-2n)|-^ _ yNf-^NfU-t^^yNf _ i-jNfn-N^+t 

xEn 

The contribution of the gauge singlets is 


NfU—Nc+t 
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(l-Xay)^/( 2 n ^)Y\^^j{Xa-Xp) 


(3.21) 


Zmtt ~ 


l-y^ 


Nj{2n—1)/ ^ 2 y 2 \i—Nfn+Nc/ ^ 2 y 


1 - ^y-^f 


1 _ ^-^y-Nf 


-i-Nfn+Nc 


^_-^y—Nfn+NcyNf{Nf{n—l)+Nc)^—Nfn+Nc 

(1 _ y2^Nj(2n-l) _ yNfy-NfU+N^^^yNf _ ^yt-Nfn+N, 


(3.22) 


Then the partition function of the dual theory, Z^uai = ZqqZj^rpf, equals the one of the electric 
theory up to (—l)^‘=+b 

3.1.4 U{Nc)k with Nf flavors and Giveon-Kutasov duality 

Giveon-Kutasov (GK) duality [13] can be derived from Aharony duality giving a real mass to 
some of the flavors. Nevertheless, to test our formula, we check GK duality separately. Consider 
a U{Nc)k theory with Nj fundamentals Qa and antifundamentals Qh- As before, for simplicity 
we only introduce backgrounds for the R-symmetry, the topological symmetry and the U{1)a 
axial subgroup of the flavor symmetry, and we assign R-charge 1 to the chiral fields: 



U{N,), 

U{1)t 

U{1)a 

U{1)r 

Qa 
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1 

1 

Qb 
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1 

Mab = QaQb 
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0 
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The partition function is given by 
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. (3.23) 
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As before, we inserted a factor (—1)'^/ for later convenience. 

Let us choose r]i < 0. First consider the case A: > 0: we pick minus (introducing (—the 
residues at = y which exist for rrij < n — 1, and minus the residues at x = 0 which exist for 

convenient to resum over rrij < M — 1 for some large positive integer M, 
in order to include all poles. Looking at the geometric series we see that in the ^ oo limit, 
the poles of the resummed function lie close to the poles of the separate terms. Resumming the 
integrand we obtain 

(1 - - Xi)^! - (1 - Xiy)^f] 

This expression has poles at x, = which are not relevant for us, and at Xj equal to one of 
the Nf + k roots of the degree-{Nf + k) polynomial in the denominator. Let us call Xq, with 
a = 1 ,..., Nf + k, its roots: 

Nf+k 

V{x) = Cx’^iy - x)^f - (1 - xy)^f = (- 1 )^^^ 11 

a=l 

Notice that as —)• oo, the roots converge to y and 0, therefore those are the poles inside our 
contour. If we remove (x —Xq,) from 'P(x) for one a, and then substitute x —x^ in the resummed 
expression above, the dependence on M disappears: 

(1 - X„y)^/(2n-l) - Xf}) 

We can then write the partition function. Because of the Jacobian, the contributing poles have 
Xi 7^ Xj and they are simple in all variables. They are given by choices of combinations I of Nc. 
integers in {1,... , Nf + k}. The result is 

Nf+k 
^Nc 

Zfc>0 = y^cNfn ^iV,(n-l) ^ 

/ 

Then consider the case k < 0: we pick minus the residues at Xj = y, and minus the residues 
at Xj = oo which exist for trij < before, we can sum over m* < M — 1, obtaining 

the same expression as before. However, in order to exhibit a polynomial in the denominator, 
we rewrite it as 

^_\k\{M-l)+Nfn-N,+t^^^ _ y--jNf{M-n) ^^_i^Nf 

(1 - [^{y - Xi)^f - xf'(1 - Xiy)^f] 

This expression does not have poles at Xj = oo. This time the degree-(A'j + \k\) polynomial is 

Nf+\k\ 

'P{x) = C{y - x)^f - x^'"^{l - xy)^f = {-l)^f~^y^f (x - x^) , (3.26) 

a=l 
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(Nf+k)n-Nc+t 

Xa 


(l-Xay)^/(2n Xfi) 


(3.25) 
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while the resummed expression, after removing [x — Xa) and substituting x ^ Xa, can be recast 
as 

^|fc|(l-n)+Aryn-Afc+t^_^^jV/(n-l)+ly-Arj^n 

(1 - - Xp) 

Eventually the partition function reads 


c 


Nf + \k\ 


Zk <0 = [-l)N.Nf{n-l)yN,Nf{n-l) ^ 


N^n 


^\k\il-n)+Nfn-Nc+t 




(3.27) 


The dual theory is U{Nf + \k\—Nc)-k with Nf flavors and Nj gauge singlets. Let us compare 
the two partition functions. For concreteness, let us take level A: > 0 in the electric theory and 
level —k < 0 in the magnetic one (the other case can be obtained by a parity transformation). 
In the dual theory there is also a different charge assignment, obtained by y •(-)• y~^, n -H- 1 — n, 
k —k, Nc Nf + k — Nc- The partition function of the gauge sector of the dual theory is 
then 


Nf+k 


C, 


y{Nf+k-N,)Nfn^{Nf+k-N,){l-n) 

= ^'■ ^ 11 


ik{n—l)—nNf-\-Nc-\-i 


-k<0 


^_f'^(Nf+k-Nc)Nfn 


(3,28) 

The Xa are the Nf + k solutions to the equation ^{y~^ — x)^f — x^{l — xy~^)^f = 0, and in fact 
Xc = I/xq. To further massage the expression, we use 


{Xi3-Xa) = Y\ Yi Xa^^ " (x„ - X^) ^ 

/3eJ asJ'" yeJ,aeJ‘^ 
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Q=1 

Eventually we find 


a=l 


..{Nf+k-N^)Nf{l-n) fN4n-l)+l 

2fm — y _S_ 

(_l)iVcAf/{n-l)+(fc-l)t ^ _ y2)^/(l-2n) 


C 


Nf+k 


E n 


X, 


{Nf+k)n-N^+i 


I ael 


(l-X«y)^/(2n ^')l\p^j,{Xa - Xis) ’ 

(3.29) 

where I are combinations of Nc different integers, mapping I = J'^. This has to be multiplied by 


\ 1 — / ’ 


where the first term comes from the gauge singlets and the other ones from the global CS terms 
computed below. The total partition function ~ ^-fc<0^s™g^cs agrees with the one of 

the electric theory (3.25), up to an ambiguous sign (—l)'^=+(^“i)L 

Notice that for N^ = Nf + |fe|, Zqq = 1, therefore the partition function of the electric theory 
equals that of the free mesons (magnetic theory). 
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Let us reproduce the global CS terms in the dual. To do that, we start with U{Nc) with 
Nf + k flavors (A; > 0). We divide the flavors in two groups: Qa,Qa are Nj with charge 1 under 
17(1)A, while Qp,Qp are k with charge 1 under a new symmetry U{l)m- 



U{N,) 

U{1)t 

U{1)a 

U{1)r 

U{l)m 

Qa 

Ne 

0 

1 

1 

0 

Qa 

Ne 

0 

1 

1 

0 

Qp 

Ne 

0 

0 

1 

1 

Qp 

Ne 

0 

0 

1 

1 


We give positive mass associated to U{l)m- then Qp,Qp can be integrated out and we are left 
with U{Nc)k with Nf flavors. In fact the only CS which is shifted is the gauge one: 5kgg = k. 

By Aharony duality, the dual is U{N'^ = U{Nf + k — N^) with Nf + k flavors and many 
gauge singlets: 



U{Nf + k- 

Nc) U{1 )t 

U{1)a 

U{1)r 

U{l)m 

Qa 

N' 

0 

-1 

0 

0 

Qa 

N'e 

0 

-1 

0 

0 

qp 

N' 

0 

0 

0 

-1 

qp 

N'e 

0 

0 

0 

-1 

Mah 

0 

0 

2 

2 

0 

MaQ 

0 

0 

1 

2 

1 

Mpb 

0 

0 

1 

2 

1 

MpQ 

0 

0 

0 

2 

2 

T 

0 

1 

-Nf 

-Nc + l 

-k 

f 

0 

-1 

-Nf 

-Nc + l 

-k 


This time all helds with non-vanishing charge under 17(1)^ are massive and can be integrated 
out: we are left with U{N f + k — Nc)-k with N f flavors and singlets Mah- The shift in CS levels 
are computed as follows: 


Skgg = —k , SkpT = ~1 ^kpp = k{Nf -|- A: — 1) — N^ 

SkAA = Nf{k - Nf) , 6kAR = Nf{k - Nc) SkpA = ^kpR = 0 . 


3.2 Yang-Mills-Chern-Simons theories with adjoint matter 

We start with the case of YM-CS theories without matter. The topological twist has actually 
no effect on an AA = 2 Chern-Simons theory without matter: the only fields charged under the 
R-symmetry are the gaugini that are auxiliary. We can thus compare our results with the CS 
literature. 

Recall what happens for an AA = 2 YM-CS theory with simple gauge group G and level k. 
For |A:| < h, where h is the dual Coxeter number of G (for SU{N), h = N), the theory breaks 
supersymmetry; for |A:| = h the theory confines; for k > h (we assume positive k for definiteness), 
the theory is equivalent to the pure bosonic CS theory at level 


k = k — h 


(3.31) 
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because the extra scalars and fermions in the adjoint can be integrated out shifting the level 
[40, 41], The partition function for the M = 2 YM-CS theory on S'^ x 5^ is thus 1 for k > h 
(since the Chern-Simons theory on has a single vacuum) and the Wilson loops satisfy the 
Verlinde algebra at level k [42], 

We will verify these well-known facts in our formalism. To compare with the CS literature, 
we multiply the partition function by a sign factor (—1)^, where r is the rank of the gauge group. 
We will also consider the case of YM-CS theories with adjoint matter which have been recently 
related to complex Chern-Simons theory [26]. 


3.2.1 U{l)k Chern-Simons theory 


Consider a pure U{l)k CS theory, which is the same as its W = 2 version since all auxiliary fields 
are neutral. We introduce a background flux t and a fugacity ^ for the topological symmetry. 
We have then 


Z 



dx 

2'Kix 




(3.32) 


where we introduced a minus sign for later convenience. Since there are no poles in the bulk, we 
only have contributions from the boundary. We can choose rj ^ 0, and then we should discuss 
the two cases k ^0 separately. Eventually we obtain 


Z = sign(A:) ^ 


sign(A:) ^ if t = 0 (mod k) 

0 otherwise. 


(3.33) 


Correctly, for t = 0 we find |Z| 


1 since Chern-Simons theory on S'^ has a single vacuum [42]. 


3.2.2 U{N)k Chern-Simons theory 

We can similarly consider the theory U{N)k. The partition function is 

2=^E/ni4"-''n(—.)■ p.34) 

1=1 

We have set t = 0 and ^ = 1. We assume k > 0 and we choose r]i < 0. We should then take minus 
the residues at Xi = 0. We have poles for m* < We can resum the geometric series for 

trij < M — 1 for some large positive integer M, obtaining = x^^~^/{x^ — 1). 

There are no longer poles at x = 0, but rather at 

Xa = with a = 1,..., A; . (3.35) 


Because of the Jacobian factor, only poles with xi / Xj contribute, and we end up with a sum 
over combinations / of distinct integers in {1,..., A;}, that we denote by C^. Thus we have a 
non-vanishing result only for k > N. When we substitute, the dependence on M disappears and 
we are left with^® 


ci 


n-N 


Ci 


/ I a&IMI 


1 - 


X0' 


-1 


1 




E n 


1 - 


X/j/ 


(3.36) 


^ \ k 

^For the last equality we used that, for fixed a: || (xa — Xfs) = lim -= kXa~^ = — 

-*■ x^Xa X — Xa Xa 
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One can explicitly check that this expression gives Z = 1, as expected. 


3.2.3 S17(N) versus U(N) 


The partition function of an YM-CS theory with matter neutral under the center of 

the group, and the partition function of the U{N)k theory with the same matter content (and 
no flux for the topological symmetry) are equal. To see this, we rewrite the Haar measure of 
U{N) in terms of those of 17(1) and SU{N) by decomposing Xi = zxi with 
use {z,Xi=i^,,,^N-i) as coordinates on the Cartan subalgebra of 17(1) x SU{N). The measure 
factorizes:^*^ 


f "rT dxi -i-r / \ _ f dz -r-r dXi 

J 27 rixjv Xj) J 27 riz 27 rixi 

*=i 


N 



(3.37) 


The partition function of a U{N)k theory with matter is, up to normalization. 


Zu{N) 



N 



M{x) , 


(3.38) 


where M(x) is the matter contribution and we introduced a fugacity ^ for the topological sym¬ 
metry. Under the assumption that no matter is charged under 17(1), M is a function of Xi only 
and we can perform the 17(1) integral, obtaining a Kronecker delta function: 


/ 


2'niz 






We thus find 


Z = 


N\ 


E 


mS E >Tii=0 


N-1 N 

n^n(i 

1=1 


N 

X / n 
2 = 1 


^kmi 


M(x) 


(3.39) 


(3.40) 


which is the partition function of an SU{N)i^ theory.^^ The dependence on ^ has disappeared. 


3.2.4 SU{N)k Chern-Simons theory and the Verlinde algebra 

The partition function of an SU{N)k theory without matter is equal to the partition function of 
U{N)k, and therefore Z = 1 for k > N, as expected on general grounds [42]. It is interesting then 
to study correlation functions of Wilson loops: their algebra in Chern-Simons theory is known 
as the Verlinde algebra. In particular, the structure constants of this algebra—computable as 

^°Since = IliLi is only defined up to N-th roots of unit, therefore the final integral should be divided by 
N. This is compensated by an analogous factor of N in the Jacobian, detd(xi,XN)/d(xj,z) = Nz^~^xn where 
i,j = 1,...,N -1. 

^^The sub-lattice of with Et''* — 0 i® fhe co-root lattice of SU{N) or, equivalently, the weight lattice of the 
GNO dual group SU{N)/'Zn, as appropriate for a theory with gauge group SU{N). Indeed, the weights in the 
U{N) lattice Z^ are also weights for U{1) and SU{N). The 17(1) weight is Etij- We can restrict to the SU{N) 
weight lattice by gauge fixing the translation symmetry xm —>■ rui -I- 1 (Vi) of the lattice. Each weight can be 
brought to the form mjv = 0 with this symmetry, and weights with mjv = 0 correspond to the full SU{N) weight 
lattice. Only those weights with Y) tn; = 0 (mod N) can be reduced to the alternative form Y) *tii =0. Since the 
SU{N) center Zjv acts with weight Y)*tii (mod N), this is the SU{N)/Zn weight lattice. 
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the three-point functions of Wilson loops on x —encode the fusion rules of primary fields 

in the Kac-Moody algebra su(A^)^ [42] . 

We can extract general information about the Wilson loop algebra by using an argument 
similar to that in [43]. Consider a generic normalized integral of the form 


(fix)) 


1 1 
z w. 


E 

mez^,E'T'i=o 



dxi 

2TTiXi 




N 



2=1 


fix) 


(3.41) 


where / is a function on the Cartan subalgebra of SU{N). Changing the summation variable 
rri —rn -I- (5, where (5 is a generic co-root (an element of the weight lattice of SU{N)/Zn), we find 


{/(l)x“) = {fix)) . 


(3.42) 


We can apply this relation to a Wilson loop X\ix) associated with a representation of highest 
weight A and obtain 

(fix) X\{x)) = (-1)"' (fix) X\{S) (a;)) , (3.43) 

where X{5) is determined by reflecting the weight X + p + k6 into the interior of the fundamental 
Weyl chamber by an element w of the Weyl group W: w{X + p + k6) = A((5) -|- p. Here p is half 
the sum of all positive roots, also known as the Weyl vector. Whenever X + p + k5 is on the 
boundary of the Weyl chamber and cannot be reflected into the interior, (/ x\) = 0. 

The identities (3.43) can be derived by using the Weyl Character formula 


X\ix) = Wax 


^A+p 

Ap 


(3.44) 


where A^r = ^w£wi ~^)^The denominator essentially cancels the Haar measure in the 
correlation functions (3.42). We focus on the terms in the numerator and, using an adapted 
co-root for each term, we can write 






w£W 


^w{X+p) 

Ar, 


E (-!)"(/ 


w{X+p)+kw{S) 


w£W 


E±^\ . (3.45) 

A.p / 


If A -|- is a dominant weight, the hnal expression gives the character Xx+k6- Otherwise, either 
A -|- p -|- /ch is on the boundary of a Weyl chamber and 24 a+p+a;< 5 vanishes by definition, or we can 
find an element w of the Weyl group that maps X + p + k6 into the interior of the fundamental 
Weyl chamber, w{X + p + k5) = X{5) + p, and the final expression gives, up to a sign (—1)"', the 
character Xa(5 ) • The shifts by k6 extend the ordinary Weyl group to the affine version. 

The relations (3.43) induce an equivalence among representations and define the Verlinde al¬ 
gebra. Using the relations (3.43), every representation can be identified with one of the integrable 
irreducible representations of the Kac-Moody algebra iu(A^)^. The integrable representations are 
those whose Dynkin labels A = [Ai, A2 ,..., Aat-i] satisfy ^ A, < fe = A: —A^, or, equivalently, whose 
Young diagram have the first row of length less than or equal to k (see for example [44]).^^ 

^^The SU{N) roots and weights can be written using the standard basis d of and restricting it to the plane 
orthogonal to (1,1 ,..., 1), i.e. d = d — Cj-The simple roots are d — d+i and the fundamental weights are 

cJi = The weight A = [Ai, A 2 ,..., Aat-i] is then '<Tiid, where mi = Aj are the lengths 

of the rows in the corresponding Young diagram. 


- 44 - 









Using the relations (3.43), we can find the correlation functions of Wilson loops corresponding 
to integrable representations. For example, for su(2)g there are fc + 1 integrable irreducible 
representations, corresponding to the spins from zero to It is easy to see that the one-point 
functions vanish except for the trivial representation, (xx) = 6xo, and the two-point functions are 
diagonal, {xxX^^) = The three-point functions can be extracted from (3.43) —or explicitly 
computed with (3.41) —and produce the known fusion coefficients [44] of the iu(2)^ algebra: 


(XA Xfi Xu) 


1 if |A — ;u| < < min (A-|-//,2A: — A — /x), \ + ^ + v = Q (mod 2) , 

0 otherwise. 


(3.46) 

These results generalize to 5u{N)j. and are in agreement with the general expectations for Chern- 
Simons theories [42]. 

We finish this section with an observation about the partition function itself. It is interesting 
to rewrite the “trivial” result Z = 1 in a different form to make contact with the representation 
theory of 5u{N)^ and the Verlinde formula [45]. The last expression in (3.36) can be cast as 


Z = ^ det (l - Ad(e 2’^*"**/^)) 


jvSv=T E "(l-AdU’"”*''*)). 

•••>mjv=0 


(3.47) 


where Ad(xj) denotes the action of the Cartan element diag(xi ,... ,xn) on the adjoint represen¬ 
tation of SU{N)?^ In turn, this can be written as 

2 = n det (l - , (3.48) 

A aeSU{N) 


where a are the roots of SU{N), the sum is restricted to the weights A = [Ai, A2,..., Aw-i] 
corresponding to the integrable representations of 5u{N)^, and the Weyl vector p = [1,..., 1]. In 
fact, (3.48) is precisely the special case g = 0 of the Verlinde formula 

JnW=T^ E n d<=‘ (1 - , 

for the partition function of the SU{N)^ CS theory on S x or, equivalently, the number of 
conformal blocks of the SU{N) WZW model at level A: on a Riemann surface Tig of genus g 
[42, 45, 46]. 


3.2.5 U{N)k with adjoint matter 

To further test our formula, we now compute the partition function of U{N)k YM-CS with a 
massive adjoint chiral multiplet. As discussed in [26], this theory is related to complex Chern- 
Simons and the equivariant Verlinde formula. 

^^The get the second equality, first rewrite the first expression in terms of unordered integers trii, introducing 
a factor N\ in the denominator. The terms with coinciding rm vanish. The determinant is invariant under 
rrii —>■7714 + 1 (simultaneous for all i): using this shift symmetry we can set mjv = 0, and there are k elements in 
each orbit. We can then use the Weyl group Sn-\ restricted to mjv = 0 to order the remaining m;: this cancels 
a factor {N — 1)!. 
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The partition function is 



(3.49) 


where n = n — i? + l, R is the R-charge of the adjoint chiral field, and y, n are the fugacity and 
background flux for the U{1) flavor symmetry that assigns charge 1 to the adjoint chiral. As we 
discussed in section 3.2.3, this is the same as the partition function of SU{N)k and there is no 
dependence on however keeping ^ will facilitate the computation. 

We choose rj = (—1,..., —1) and take A: > 0. The partition function has no singularities at 
finite points since the intersections of the planes Hij = {xi = yxj} collapse to x, = 0 for generic 
y. With our rules, it remains to compute an integral over an intricate structure of intersections 
at the boundary. We can avoid this by resuming the poles first. We write 


Z = 


N\(l-yW 


/n 

i=l 


dxi 

2TTiXi 




N 

n 


Xj - Xjy 
Xj - Xiy 


1 - 


N 

n(i 




(3.50) 


We then perform the sum over rrij < M — 1, where M is some large integer. Recalling that our 
prescription for the residues includes a further factor (— 1 )'^, we find 


,,nAfV2 


N 


z = 


-i--i- O'TT'inn - C _ 1 -1--1- 


1 

Xj 


Nl (1 — y)"^ Jq 2TTixi ^ 


^ (1 - fr^)" 


where we defined the quantities 




N 

n 


Xj - Xjy 
Xj - Xiy 


(3.51) 


(3.52) 


The presence of with an arbitrarily large M in the numerator guarantees that there are 

no poles at Xj = 0 or Xi = yxj. The only relevant poles are at = 1 for all z, and the 

dependence on ^ can easily be reabsorbed in a rescaling of all Xj. At these poles the dependence 
on M in the numerator disappears. To compute the residues, we should take the Jacobian of the 
denominator. We then find 


Z = 


,,niV2/2 


(1-y) 


nN 


E 


N 


N 


1 - 


det 


9e® 


dxi 


S 0(1- ’ 


(3.53) 


where the sum is over all unordered collections of solutions to the “Bethe ansatz” equations 
e^Bi(x) — convenient to parameterize the solutions as xj = then 


and 


de^Bi ^iBi 

dxj Xj ddj 


ynNy2 

(1 - 


( det —] TT 

I ^ dOj ) (l — y 


(3.54) 
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This formula with n = 0 agrees with the results in [26]. As observed there, the formula for 
R-charge R = 2 (n = — 1) is an equivariant Verlinde formula and is related to complex Chern- 
Simons theory; for i? = 0 (n = 1) the formula has appeared in the mathematical literature as an 
index formula for the moduli stack of algebraic bundles over the sphere. 


3.2.6 The “duality appetizer” 


In [47] a duality was proposed between SU{2)i with one adjoint chiral multiplet and the theory 
of a free chiral multiplet Y = Tr The former theory is a special case of those considered in the 
previous section, however for low rank and Chern-Simons level we can write down the partition 
function explicitly and we can test the duality. 

In the electric theory there is a flavor U{\)f symmetry that rotates the adjoint chiral with 
charge 1: we denote by y,n its fugacity and background flux, respectively. To cancel a parity 
anomaly, we introduce a CS term kpp = We assign R-charge 1 to ‘h. The partition function 
of the electric theory is then 


iv f 2m n/2 / \ yw x x-2m+n 

2^ j 27rix ^ y \\ — x‘^y) \l — y) \l — x~‘^y) 


(3.55) 


We choose ?? < 0, therefore we should collect minus the residues at x = 0, ±^/y. The poles 
at X = exist for m < (n — l)/2, whilst the pole at x = 0 exists for m < I — n. We can 

sum the series for m < M — 1, where M is some large integer, in a regime y <C 1. The series is 
uniformly convergent along a contour right outside the unit circle, and such a contour includes 
the poles at x = 0, Ty/y and no others. The series yields the expression 

f dx x6M-3y2n(l-^2)(i_^)2M-n 

2 27ri (1 — y)"(l — x^y) 2 ^+"“ 2 (l + x‘^{l — 2y — y^) -|- x^) 

Now the contour includes four poles, produced by the last term in the denominator, located at 
X = ( ± (y + 1) ± -\/y^ + 2y — 3)/2. The residues can be explicitly computed and summed: the 
dependence on M drops out, and we obtain 

^ 

The dual theory is given by a free chiral multiplet Y = Tr<h^, with flavor charge 2 and 
R-charge 2 (plus a topological sector). As we infer from the partition function, there must also 
be an R-flavor Chern-Simons term kup = — I. Then (3.56) precisely agrees with the partition 
function of the dual theory. 


4 Refinement by angular momentum 

If we choose a metric on 5^ invariant under a 17(1) isometry, we can refine the partition function 
by adding a fugacity C = for the angular momentum on S"^. From the path-integral point 
of view, this is achieved by deforming the metric on x as^^ 

ds^ = R‘^{de^ + f {9dtf) + (3^dt^ , (4.1) 

^^More general supersymmetric backgrounds have been constructed in [48, 49], and the dependence of the 
partition function on the background has been studied in [50]. 
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where ds ‘^2 = R^{d6‘^ + f{8)'^dip‘^) is a generic metric on 5^ with U{1) isometry along ip. The 
special case of a round metric was considered in (2.5), and in fact, since the theory is quasi- 
topological and independent of the metric on 5^, we can do all computations using the round 
metric. Reducing down to 5^, the deformed metric yields a quantum mechanical index with a 
fugacity Q for the angular momentum L^p of rotations along (/?, in other words Zg 2 s^si computes 
the index 

Such a refined index is easily computed by noticing that the |/o(m) — qp + l\ Landau zero-modes 
on 5^ form a representation of the SU (2) group of rotations. The refined one-loop determinant 
for a chiral multiplet in representation IH is then: 

lai-i 

2 / \ signs 

TS=n n • B = p(m)-<,,+ l. (4.2) 

pern ■_ \B\-1 ^ ^ ^ 


The factor in the numerator cancels out and could be omitted. The determinant can be 
conveniently rewritten in terms of the g-Pochhammer symbol (x; q)n as 


/7chiral 

^1-loop 


n 

pelK 


XPBI2 

ixPC-^;C)B ' 


Recall that, for integer values of n, the g-Pochhammer is defined as 


(4.3) 


and it satisfies 
{x;q)n 


11^=0 (1 “ xq^) for n > 0 
n7i_n(l - xq^)~^ for n < 0 , 


1 

{xq^;q)-n 


{xq^-^ 



n t 


{_X,q^fn-\-n — (^x^q')m{,xq ^q')n • 


(4.4) 


(4.5) 


We can quickly derive the one-loop determinant for gauge fields using the fact that, up to a 
flux-dependent sign, it equals that of a chiral multiplet with R-charge 2. We get: 



(4.6) 


The classical CS actions are the same as before. A formal derivation of the above statements is 
given in appendix A.4. 

A little bit of care has to be given to the Wilson loops. As we found at the end of section 
2.1.3, to be supersymmetric a loop has to lay along the vector field 63 = + ?9<^), i.e. its 

embedding function must be x^(r) = for some 9q, and we have to make sure that the 

loop closes. One possibility is to place the loops at the poles, with 9q = 0, vr. In this case, the 
classical action term—to be inserted in the localization formula—is 


Poles: W = Tr^ ^ . (4.7) 

P&R 
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The signs ± refer to the North and South pole of the sphere, respectively. Notice that this yields 
a deformation of the Verlinde algebra when we place multiple loops on top of each other, because 
subtle contact terms intervene. 

Another possibility is to choose a “rational” value ? = 27r|, where p,q € h are coprime. 
Then the loops can be place at any Oq: they wrap q times and p times the p direction. The 
classical action term, to insert in the localization formula, is 

Generic points: W = Trn + . (4.8) 

peR 

Notice that the refinement by angular momentum only exists on and not at higher genus 
(although a certain refinement, the elliptic genus, exists on as well). 


4.1 G(1)i/ 2 with one chiral 

We would like to perform some simple checks of the refined formula. As a first example, consider 
again the f^(l)i/2 theory with a single chiral multiplet of charge 1. We follow the same conventions 
as before (and include the sign factor(—1)"’). The partition function is then 



dx (—^ 
27ri (xC^"’";C^)m 


(4.9) 


It is convenient to choose r] < 0 so that we have to pick minus the residue at x = 0 for all 
terms with m < —t. We use the following two formulae: 


1 

{x;q)n 



(?; q)j 


X-' 


(x;g)n = ^q^ '^;q)n ■ (4.10) 


The first one is the (7-binomial theorem and it is valid for |a:| < 1, |(7| < 1 and n G Z; for n < 0 
only the terms with j < n are non-vanishing and the right-hand-side is a finite polynomial. 
Expanding the integrand we find 


(/-2m. /-2\ 

z=- E as (-«)” E 


m<—t 


(C^"^C^)-m-t ^(m-l)(m-et) ^ (-1)^+1 ^ ^-t-n ; C^)n 


(C2;C^)-m-t 


E 

m<—t 

(-0-^ _ 

(e-ic-‘;C2)t+i (ec-^c2)t+i' 


n>0 


(C^C2)r 


-r 


(4.11) 


e 


This is exactly the refinement of the partition function (3.7) of the dual theory, which, as discussed 
in section 3.1.1, is the theory of a free chiral field. 


4.2 Pure Chern-Simons theories 

As a further check, we can evaluate the refined partition function of the M = 2 U (N)fc CS 
theory with k = k + N > N, to verify that it is independent of C- In fact Chern-Simons theory 


- 49 - 











is topological and should not depend on a continuous deformation of the metric. The refined 
partition function reads 


Z = 


(-1)^ 

A^! 


E /n 

i=l 


^ dXi ^ (1 - XiC^/XjCi){l - XjC^^/XiC^i) 


i>j 




(4.12) 


Choosing rn < 0, we should collect minus the residues at Xi = 0. Since the path-integral of CS 
theory is saturated by flat connections, we could expect that only the sector m* = 0 contributes 
to the path-integral. If this is the case, the refined partition function coincides with the unrehned 
one—and both give Z = 1—being the average of the identity over the U{N) Haar measure. 

It is easy to see that only rrij = 0 contributes. Let us re-write the partition function as 


1 ^ ^ 
7 - _ / TT ^ 

i=l 


Qmj ) ’ 


(4.13) 


i>j 

and use - zj) = EasSjv We find 

J JJ- dxj^ ^kmi-N+a(i)+w(i}-2 ^4) 


1 

W\ 


Z = ^ ^ e{a)e[w} 


m S ctjWGSn 


The integral is non vanishing only for /cm* = N — a{i) — w{i) + 1. Since a{i) and w(i) run over 
{!,... , A^}, then |A^ — a{i) — w{i) -|- 1| < A^ — 1, and since k > N, then the previous equation 
can only be satished with all rrii = 0. The solutions have m* = 0, arbitrary permutation a, and 
permutation w{i) = N + 1 — a{i). Then €{a) e{w) = (—l)^(^“i)/2 and Z = ^ Y^aeS^ 1 = 1- 
The supersymmetric Wilson loops, on the other hand, are along orbits that depend on the 
choice of ?. As we discussed before, in order to have room for non-coincident loops, we should 
choose = 2TTpjq with p,q & 7, coprime. Then the loops wrap q times around and p times 
around S'^: they are knotted in a topologically nontrival way, rather than continuously deformed 
as ? is varied. This explains why correlation functions of Wilson loops depend on 


4.3 The vortex partition function 

Finally, we would like to make contact with the other partition functions, defined on different 
manifolds or supersymmetric backgrounds. As first observed in [14] and later elaborated npon in 
[15, 16], both the 5^ partition function of [30], the S'^xS^ snpersymmetric index of [51, 52] and the 
lens space index of [53] “factorize” into building elements which can be interpreted as the partition 
function on Rn X in an fl-background. For U{Nc)k theories with (anti)fundamentals, the basic 
elements are K-theoretic vortex partition functions.A mechanism behind this factorization, 
called “Higgs branch localization”, has been first discovered in two dimensions [18, 19] and later 
generalized to three [17, 54] and four [20, 21] dimensions. Here we would like to show that even 
the twisted 8“^ x partition function factorizes, in terms of the very same X 5^ elements. 
We show it for simple theories that lead to the vortex partition function, where the computation 
can be carried out explicitly. 

^®More precisely, this is true for the so-called “maximally chiral theories” where |fc| < |A/ — Na\/2 [17]. 


- 50 - 






In section 5 we will discuss generalizations of our formula to two and four dimensions. 
Although we only show the factorization of the twisted 5^ x partition function here, the same 
statement is true for the twisted 5^ and S'^ x partition functions as well. In particular in four 
dimensions one discovers the elliptic vortex partition function [20, 21], which is a building block 
of the 4d superconformal index of [55]. 

Consider 17(1) SQED with a single flavor pair, Nf = 1, i.e. with one fundamental and one 
antifundamental. In view of a generalization to Nf > 1, it is convenient to introduce separate 
parameters (y, n) for the global symmetry that rotates the fundamental, and (y, n) for the one 
that rotates the antifundamental, even though the two are the same flavor symmetry up to a 
gauge rotation. Assigning R-charge 0 to the chiral fields, the partition function is 


^ = E 

m£Z 


dx ^ (2/2x2)"' "+1 {y 2 x 2) m+n+i 

27rix ^ (y-ixC"'"+";C^)m-n+i (yx-iC’""";C^)-m+ri+i ’ 


(4.15) 


We choose rj > 0, therefore we pick the residues from the fundamental at x = £qj. 

/c = 0,..., m — n; such poles exist only for m — n > 0. We thus obtain a double sum ; 

which is more conveniently written as X)mi m 2 >o 

mi=m — n — k, m 2 = k . (4-16) 


In this notation the poles are at x = • Taking the residues we get 

^mi+m2+n yt ’"l+"‘2+"-n-l 

/'a2.A2'i /'A-2./--2'| (y/-2m2+n-n. d2\ 

7ni,m2>0 ; Si )Tn2\y^ ?S / n+n+1 

The last g-Pochhammer can be factorized into three factors: 

1 (K'-X'")™, {fc'-tc")™. 


(4.17) 


/'^/■2m2+n—n./■2'\ ^ n./■2'\ 

?S y—ml—m2—n+n+1 ?S J 

We can thus write the partition function as the product of three factors: 

^ — ^l-loop -^vortex(C) ^vortex (C ) • 

The one-loop factor is 

■Z'l-ioop = 




[y 2 y 2 y 


(4.18) 


(4.19) 


(yy-^C"-";C")fi-n+i ' 

We recognise that this is the classical action times the one-loop determinant of the antifun¬ 
damental (which is not Higgsed when the FI term is positive), evaluated on the background 
X = y, m = n where the fundamental is massless and gets Higgsed (with positive FI). The vortex 
contributions are 


00 


^vortex(C) = r 


m=0 

00 


m (V/^n-n. /--2\ 

2 ^m2+m(if4-Ht) Jr 


sinh log (^) 2 

j=0 


+j 


(4.20) 


rn=0 


sinh log 
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The last expression is the classic form of the K-theoretic vortex partition function (see for instance 
(2.78) in [17]). This computation can be generalized to theories with a CS term at level k, as 
well as Nf > 1 and gauge group U{N) with N > 1. 


5 Other dimensions 


Our three-dimensional formalism can be easily generalized to theories in two dimensions on 5^, 
and in four dimensions on 5^ x T^. In both cases supersymmetry is preserved with a topological 
A-twist on and a refinement by the angular momentum is possible. The two-dimensional 
formula is obtained from the one on 5^ x by shrinking the radius /3 of the circle to zero. 
Besides, we can insert twisted chiral operators at arbitrary points of (they are, in a sense, 
the reduction of Wilson loops on S^). The four-dimensional formula, instead, is obtained by 
considering elliptic generalizations of our expressions. The two-dimensional result can be applied 
to the study of amplitudes of topologically twisted gauged linear sigma models. Our formula 
differs from the classic result of [56] because we do not integrate D out until the end, obtaining 
in this way a “Coulomb branch localization” as opposed to the “Higgs branch localization” to 
vortices in [56] —using the language of [18]. Here we consider the two simple cases of sigma 
models with target the projective space and the quintic, leaving a more general analysis for 
further work. 

One could also use our formulae to test non-perturbative dualities in two (for instance the 
dualities discovered in [18, 57-59]) and four dimensions. In this paper, we only consider a very 
simple example of Seiberg duality [60] in 4d AA = 1 SQCD. 


5.1 T^vo-dimensional Af = (2,2) theories on 3“^ 


We consider two-dimensional Af = (2, 2) theories with a vector-like R-symmetry, defined on S'^ 
with a topological A-twist. The theories do not have to be conformal, but it must be possible 
to choose integer R-charges. Unfortunately this excludes most Landau-Ginzburg (LG) models.^® 
Therefore we will be mainly concerned with GLSMs. Very practically, the two-dimensional 
formula can be derived from the three-dimensional one by taking the limit in which the circle 
shrinks: ^ 0. This corresponds to an expansion around u = 0, or a: = 1. The moduli space 

of bosonic zero-modes reduces to 911 = 1) x f) = f)c and is parameterized by the complex scalar 
a in the vector multiplet. Let us summarize the results. Details, as well as a more systematic 
derivation along the lines of section 2, are given in appendix B. 

The one-loop determinant for a chiral field is given by the x —)• 1 limit of the three-dimensional 
one-loop determinant in (1.3), namely 


7 chiral 

^1-loop 


n[; 



p{ja)-qp+l 

lp{a)\ 



The one-loop determinant for the vector multiplet is 

zf-z;=n “(<") ■ (‘‘‘’y ■ 

a£G 


(5.1) 


(5.2) 


^®Not all. For instance, the quintic GLSM in the LG phase flows to a LG model quotiented by Z 5 . Since the 
UV GLSM is consistent with A-twist, so must be its IR phases. Indeed, an integer R-symmetry exists. 
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We do not drop the sign factor in front of the determinant, because in two dimensions there are 
no sign ambiguities related to the regularization (see appendix B). 

In two dimensions we can define a twisted superpotential W(a), which is a holomorphic 
function and it leads to the following bosonic action: 


C -h C 

w ' 


w 


bos 


2i Re W'{a) ■D-2ilui W'{a) ■ F 12 . 


(5.3) 


Of particular importance is a linear twisted superpotential, yielding a complexified FI term: 






^Fi,e = Tr F) + Tr F 12 . 

ZTT ZTT 


(5.4) 


Evaluated on-shell on almost-BPS configurations, the action gives 

^ g47rVV'(f7)-m-87riij2Meiy'((T)-Do 


(5.5) 


When specialized to the complexified FI term it becomes 

g-Spi.S _ g-(C-l-ie) Trm+2iij2f TrDo _ ^Trm 0 ^ 

Here q = according to standard notation. 

Any holomorphic function /(cr) can be inserted in the path-integral because it is supersym¬ 
metric: 

Q f{cr) = Q f{cr) ■ (5.7) 

The computation of the partition function proceeds as in the three-dimensional case. In 
particular, the one-loop determinant has poles along singular hyperplanes Hi, with associated 
charge covectors Qi. One has to choose a covector 77 G f)*. The path-integral reduces to a sum 
over the magnetic fluxes m on 5'^, of the JK residues evaluated at the points where r linearly 
independent hyperplanes meet (r = rankG). In other words: 


Zs2 


I 


E 

mern 


E 




JK-Res (Q((T*), 77 ) Zint(o';m) -|- boundary 

<7=cr* ^ ^ 


(5.8) 


The only novelty is how to treat the boundary terms in the region at infinity of f)c- The 
asymptotic behavior of the one-loop determinant for large |cr| is given by 

exp (2iR^ log |p(fT)| p(T>o)) • 

This corresponds to the effective twisted superpotential Wes = —p{a) [log p{a) — l). Compar¬ 
ing with (2.77), we see that for 77 > 0 we pick the residue at infinity iff ^ < 0, while for 77 < 0 

we pick minus the residue at infinity iff ^ p > 0. In other words, the role played by the effective 
CS level in 3d is played by the FI /3-function in 2d.^^ 

^^This is correct if the running FI is the leading behavior, which is the case if we started with a renormalizable 
Lagrangian whose bare twisted superpotential has only FI term. If, on the contrary, we started with a bare twisted 
superpotential with higher order terms, then the analysis of the boundary contribution has to be repeated. 
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Higher genus. The expressions at higher genus are derived in a similarly easy way. We find: 


7 chiral 

^1-loop 


n[ 


1 1 p(m)+(9-l)(<?-l) 


P{(t)\ 




a&G 


5.1.1 Refinement by angular momentum: the ll-background 

As in three-dimensions, if we choose a metric on 5^ which has U{1) invariance, we can refine the 
partition function with a weight for the angular momentum. The proper supergravity background 
necessary for a full-fledged computation was constructed and analyzed in [28] . This is essentially 
the ri-background on 5^. On the other hand, we can more modestly obtain the relevant formula 
for the partition function with insertions by taking the /3 —>■ 0 limit from three dimensions. After 
a redefinition of the variables and a rescaling that matches the unrefined case, we obtain 


7chiral 


|g|-i 

2 / signS 

u-ioop - n n (p(a)+jT 


B = p(m) - q + l . 


(5.10) 


Here ? is the parameter associated to the refinement, which can be identified with the e param¬ 
eter of the 0-background. This expression could be written in a more elegant way using the 
Pochhammer symbol: 


Z- 


chiral 

1-loop 




(5.11) 


(p(zl l-B \ 

\ ^ 2 )b 

However such an expression is not valid for ? = 0 even though the limit is not singular. For the 
vector multiplet we obtain 


(5.12) 


Insertions of gauge-invariant twisted chiral operators constructed out of cr can only be done 
at the two poles. To compute a correlator involving /(cr) at the North or South pole, we include 





m 


CT ± ?- 

in the localization formula, where the signs ± refer to the North and South pole, respectively. 
This follows from the reduction of the Wilson loop in (4.7). As we show in the next example, 
operator insertions at coincident points introduce specific contact terms, leading to a sort of 
deformation of the chiral ring. We leave the question of what this deformation is to future work. 

5.1.2 The projective spaces 

In this section we compute the topological amplitudes for the projective space The model 

has 17(1) gauge group and N chiral multiplets of charge 1, to which we assign R-charge 0. The 
topological amplitude with n insertions of the basic (1,1) class a is 


(o-i 


■ cr„ = 


E 

meZ ‘ 


{ n — N-\-l . . 

q N \i n = N — I (mod N) 
0 otherwise. 


(5.13) 
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We have chosen r/ > 0 and we have taken the residue at the singularity x = 0; had we chosen 
r/ < 0, we would have taken minus the residue at infinity. Let us understand why this reproduces 
the quantum cohomology of First, a represents the Kahler class u or alternatively the 

hyperplane divisor class, therefore = 1 because the intersection of — 1 hyperplanes is a 

single point. Then the quantum cohomology is = q, and in fact = g"*. All other 

correlators vanish because of axial R-symmetry charge conservation [1]. 

Next consider the case with masses Hj for the N chiral fields (the sum of the masses can be 
reabsorbed by a shift of a). The amplitude for an insertion /(cr), which in general is the product 
of insertions at different points, is 


mez-^ j ^ 

By taking minus the residue at infinity (and noticing that only the sector m 
one easily finds 


(a") 


0 for n = 0 ,..., A" — 2 
1 for n = N — 1 . 


(5.14) 

0 could contribute) 


(5.15) 


This is the classical result. By a shift m —m + 1 it is easy to prove 

N 

- H)) = , (5-16) 

i=i 


which is the equivariant quantum cohomology of ^ 


Refined case. Let us compute the amplitudes in the case with refinement, but no masses. We 
can consider the insertion of cr"' at the North pole. We compute 


(-In) = 


meZ'^ 


dx 


2'Ki 




|B |-1 

n 

J 2 


1 


\x+j^ 


N sign B 


B = m+l. (5.17) 


First of all notice that for m < — 1 the integrand is a polynomial, therefore there are no residues 
neither at finite points nor at infinity. We reduce to 

m> 0 '^ ~ ^ ' 


j=-m/2 

By evaluating around infinity, we conclude that = 0 for n = 0,..., A — 2 and {a^~^) = 1, 

which is the classical result. Higher amplitudes are constrained by an equation obtained by 
shifting m —)• m — 1 and x —)■ x — |: 


m-1 

2 


(/wiN>=E/li^"'/(-.+.f) n 




m-1 {X + {j - i)?) 


m>l i=-- 

— do 


(x + jT)^ 


= (c7^/(c7-?)|n) • 

(5.19) 
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Here /{cr) is a holomorphic correlator (a polynomial). In the last equality we used that for m = 0 
there are no residues, so that term can harmlessly be added. In the last expression, expanding 
the polynomial / we obtain relations between different amplitudes. Shifting x —>■ x + |, instead, 
we obtain 

In this case, the correlator on the right contains an insertion of at the South pole. 

The equation (5.20) is just the flat-space chiral ring relation = q applied at the South 
pole—this is independent of the insertion of /(cr) at the North pole, as it should be in the ring. On 
the contrary equation (5.19), where all insertions are at the North pole, represents an interesting 
deformation of the chiral ring. 

Equation (5.19) can be used to show that (cr"') = 0 for n = A^,..., 2N — 2 and = q, 

which again is the same as the classical result. For n > 2N, though, the amplitudes are deformed 
by for instance 

{a^^) = {a^^),=o + N,q. 

All other amplitudes for larger values of n can be recursively determined in a similar way. 

Since the topological amplitudes should be fixed by the twisted chiral ring relations on flat 
space, how do we explain the deformation by The reason is that we are forced to place local 
operators at coincident points, and the deformations that depend on should be attributed 
to contact terms. For instance, the operators in the twisted chiral ring of are with 

j = 0,N — 1. Therefore for n > N, in (5.19) we are considering a two or higher point 
function, with at least two coincident operators at the North pole. It would be interesting 
to understand if the deformation of the amplitudes produced by our computation has a nice 
mathematical structure. 


5.1.3 The quintic 

This is a simple example of a compact Calabi-Yau manifold of complex dimension 3. The model 
has 5 chiral multiplets Xi of charge 1 and R-charge 0, and one multiplet P of charge —5 and 
R-charge 2, as well as a superpotential W = Pf^{Xi) where /s is a homogeneous polynomial of 
degree 5. The topological amplitude with n insertions is 

<-. • • • -«> = E / ^ 

The first factor of x in the denominator comes from the Xi, the second from P. In principle there 
might be a problem because both the positively and negatively charged fields give a divergence 
at the some point x = 0, which is not acceptable. However, we choose r] > 0 and therefore we 
take the residues from the Xj, which give a pole for m Taking into account that tn G 

we see that within this range we never get a pole from P. 

We can resum in m and obtain the following expression: 


(cJi •• 


• O-n) — ^ 


dx (-5)5’"+!^’" 
27ri x^“" 


5 

1 + 5 ^ 


m 


0 


if n = 3 
otherwise. 


(5.22) 





The expression is non-vanishing only for n = 3, and in that case we summed over m > 0. 
This expression correctly represents the quantum cohomology of the quintic CY 3 , and it exactly 
matches with (4.24) in [61], up to the minus sign which is a matter of convention. 


5.2 Four-dimensional M = 1 theories on 5^ x 

The last topic we cover is four-dimensional M = 1 theories placed on x , with a topological 
twist on To preserve supersymmetry, the theories must possess a non-anomalous R-symmetry 
with integer R-charges. The one-loop determinant for a chiral multiplet on 3“^ x has already 
been considered in [24]. We will present the complete formula for gauge theories. The result of 
localization is simply the elliptic generalization of our formula.^® The one-loop determinant is a 
function oi q = and x = e*“, where r is the modular parameter of and u parameterizes 
the Wilson lines on the two direction of the torus. 

Let us consider the case refined by the angular momentum on 5^; the formula with no 
refinement is obtained simply setting = 1. Borrowing the expressions from the elliptic genus 
of [4, 5], the one-loop determinant for the chiral multiplet is 



|S|-1 




/7chiral I I 

^1-loop ~ 11 

2 

n 

_ |S|-1 

2 


B = p{xn) - q + 1 . 

(5.23) 

[Oi(xP(^^;q')J 


The two elliptic functions are ri{q) = n^i(l “ 

CX) 

eiix-,q) = -iq^x^ 11(1 " (?'=)(! - xq’^){l - x-^q’^-^) = -i . (5.24) 

k=l n£Z 


The three-dimensional determinant is reproduced in the <7 —)• 0 limit (i.e. r ^ ioo), up to a 
zero-point energy: 


lim Z 

g —>0 


4d 

1-loop 


= Z: 


moop n« 
peiH 


-B/12 


The one-loop for off-diagonal vector multiplets equals the one-loop for chiral multiplets with 
R-charge 2: 

(5.25) 

This time there is also a contribution from the vector multiplets along the Cartan generators, as 
evinced from [4, 5]: 

(5.26) 



ygauge, Cartan 
^1-loop 


= T](q) (idu) 


For theories with semi-simple gauge group, all action terms are Q-exact and the meromor- 
phic form Zint(u;m) only gets contributions from the one-loop determinants (supersymmetry 


“The formula can be derived with the same steps as in section 2, using the supersymmetry transformations and 
actions in [24, 25]. We do not repeat those steps here. 
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transformations and actions can be found in [25]). Instead, for Abelian factors one can also 
consider a Fayet-Iliopoulos term leading to a classical action contribution: 

Cyi = -i^D =► -^ciass = e '^^^lon-sheii = . (5.27) 

ZTT 

The partition function is obtained by integrating the one-loop determinant and the classical 
action on the space of flat connections on and summing over the fluxes on 8“^. More precisely, 
we should consider the space of flat connections that commute with the constant flux on i.e. 
we should look for commuting triplets 


= [5i,m] = [52,tn] = 0 , 51,52 gG, mG0. (5.28) 

Since the space of flat connections on is compact, there are no subtleties with infinity. There¬ 
fore the integration contour is simply the one provided by the Jeffrey-Kirwan residue. 


5.2.1 Example: SU{2) SQCD 

As an example, we would like to consider SQCD theories in four dimensions and check that those 
related by Seiberg duality [60] yield the same partition function. To keep the example simple, 
we look at SU{2) SQCD with Nf = 3 flavors, whose dual is a Wess-Zumino model of chiral 
multiplets with a superpotential. 

In fact, SU{2) SQCD is more easily described within the USp family, whose Seiberg dualities 
have been studied in [62]. USp{2Nc) SQCD has 2Nj chiral multiplets Qi in the fundamental, the 
global symmetry is SU{2Nf) x U{\)r, and the flavors are in the fundamental of SU{2Nf) and 
have R-charge R = {Nf — Nc — 1)/Nf. The gauge invariants are the mesons Mij = Qi ■ Qj, where 
the contraction over gauge indices is done with the invariant tensor of USp{2Nc), and there is 
antisymmetry in ij. 

We consider USp{2) SQCD with 2Nf = 6 quarks. Their R-charges are R = |, which is not 
acceptable in our setup on 8“^ x because the R-charges must be integers. However, we can mix 
U{l)ii with a Cartan generator of the flavor symmetry 8U{6), namely diag(|, |, ——|), 
to form a new R-symmetry t7(l)):j = diag(l, 1,0,0,0,0), non-anomalous and integer. For sim¬ 
plicity, we look at the unrefined case C = 1 c'-iicl we do not consider the most general background 
for the flavor symmetry, rather we turn on a minimal background to obtain a finite partition 
function: we take the Cartan of 8U{Q) given by U{1)a = diag(—2, —2,1,1,1,1). In order to 
write down the partition function Zg 2 ^rp 2 in a compact form, we introduce the notation 


fxi9,a,r) 


( Mg) 


(5.29) 


for the one-loop determinant of a chiral multiplet with gauge charge g (under the Cartan of 
8U{2)), flavor charge a and R-charge r: this is an implicit function of (x,m) and ( 5 ,n), and, as 
usual, X = and y = e™. Then Zg 2 y^rp 2 is 


yNf—3 

^SU( 2 ) 


1 

2 



ir]{q)‘^du 


^;g) 

iT]{q) ir]{q) 


n /x(ff,-2,l)Vx(5,l,0)^ 

g=±l 


(5.30) 
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The magnetic theory, which in this case is more properly interpreted as the effective IR descrip¬ 
tion, is a Wess-Zumino model of fundamental fields Mjj (antisymmetric in ij), subject to the 
cubic superpotential 

W = A-^PiM . (5.31) 

The partition function for these 15 mesons is simply 

^duai = /x(0, -4, 2) /^(O, -1,1)® f^{0, 2, 0)6 . (5.32) 

We would like to check that the two partition functions coincide. 

We can check that (5.30) and (5.32) coincide at the lowest order in a q expansion. After 
expanding the integrand of (5.30) at the lowest order in q, we choose rj > 0 and consider the 
poles at X = y‘^ (existing for m > 2n -|- 1) and at x = y~^ (existing for m > —n). Then we follow 
the same strategy as in section 3.2.6. We first sum over m > —M, for some large positive integer 
M, to be sure to pick up all residues. This produces an expression in which the relevant poles 
are at the two roots of the polynomial equation 

2 y 2 (l + x^) - x{l + 2y- 2y‘^ + 2/ + /) = 0 . 

The residues can be computed explicitly and summed: the dependence on M disappears, and we 
are left with 

■ (5-33) 

This is precisely the expansion of a-t the lowest order in q. 

6 Conclusions 

In this paper we have provided a general formula for the partition function of three-dimensional 
M = 2 gauge theories placed on x with a topological twist along S"^. The result depends 

on a collection of background magnetic fluxes and fugacities for the flavor symmetries. There 
are many generalizations of our result to other dimensions and different manifolds: some of these 
generalizations have been discussed in this paper, others are left for future work. In particular, 
our result can be easily extended to the case where is replaced by a Riemann surface S 
of higher genus. The new ingredient is the presence of extra zero-modes corresponding to the 
Wilson lines along S. The case S = would compute the Witten index of three-dimensional 
theories. 

It would be interesting to see whether our reformulation of the A-twist for supersymmetric 
two-dimensional sigma models in terms of Coulomb branch localization can provide new geomet¬ 
rical insight in the study of Gromov-Witten invariants and mirror symmetry. In particular, while 
the physics of Abelian GLSMs, and the mathematics of the corresponding low energy NLSMs 
(complete intersections in toric varieties), are very well understood,^® this is not the case for 
non-Abelian models [57, 65] . The partition function on the sphere with no twist have also been 
computed via localization in [18, 19] and has led to a re-interpretation of the Kahler geometry 

^^But see [63, 64] for models where non-perturbative effects play a crucial role. 


- 59 - 



of the Calabi-Yau moduli space [66, 67]. The topologically twisted partition function, instead, 
directly computes amplitudes. 

We have not spent many words on four-dimensional M = 1 theories, although this is clearly 
an interesting setting. A line of investigation we would like to suggest is about correspondences 
d la AGT [68, 69]. They put in correspondence observables in certain 4d AA = 2 [70-72] and 
Af = 1 [73, 74] supersymmetric gauge theories with 2d conformal or topological theories, by 
different compactifications of the mysterious 6d W = (2,0) theory. With a new observable at our 
disposal—the index with twist—it is natural to ask what is the 2d theory that computes it. 

Finally, we should mention that this paper grew originally from the attempt to understand in 
microscopical terms the entropy of AdS 4 static black holes. Regular static black holes have been 
recently found in four-dimensional Af = 2 gauged supergravity [75-77]. They have magnetic 
charges and an AdS 2 x S horizon and can be interpreted as a dual description of a three- 
dimensional CFT placed on S x with a topological twist along S and various background 
magnetic fluxes for the global symmetries [78]. They thus perfectly fit in the framework of our 
paper. We hope to report on the subject soon. 
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A One-loop determinants 

In this appendix we give the details of the computation of one-loop determinants on S'^ x S^: we 
perform an explicit computation with the round metric, we provide an alternative cohomological 
argument valid when Dg = 0 with any metric, and we extend the computation to the refined 
case. 

A.l Reduction on 

We consider the round sphere with constant magnetic field: 

ds^ = + sin^ 0 d(p^) , F = ^ sin0 d0 A d(p . (A.l) 

The flux is quantized, 6 € Z, the spin connection is = —cos 9 dip and we choose a gauge 
potential A = The covariant derivative for a particle of charge 1 and spin € Z/2 is 

ih 

D, = d, + is.uf--u]^ . (A.2) 
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We define the effective spin 


s = s 


(A.3) 


The particle transforms as a section of a line bundle with ci = b — 2sz = —2s, therefore we can 
regard it as a scalar particle in a magnetic flux —2s, or as a neutral particle of effective spin s. 
The gauge-covariant Laplace operator is^° 


= 




sm ( 


-dg{sm9dg) + 


1 


sin^ 6 \‘^ 


d,n - 


IS cos ( 


2 i 


(A.4) 


Its eigenfunctions are the well-known monopole harmonics [79]. Let us quickly review their 
construction. We introduce the following operators: 


J± = i (dg ± -r^d^ ± , J 3 = -id^ . (A.5) 

V tantl sincl/ 

They are constructed in such a way to satisfy the same commutation relations as the standard 
angular momentum, [J 3 , J±] = ± J± and [J+, J_] = 2 J 3 , and to be related to the Laplace operator 
in a simple way, —R^D^ = \{J+, J-} + — s^, which implies [D‘^, J 3 ] = [D^, J±] = 0. We can 

then diagonalize and J 3 simultaneously, using J± as ladder operators for J 3 . The states in 
a representation satisfy —j < js < j, in terms of a quantum number j so defined. We use the 
notation then the spectrum is 

- = Wi +1) -»') W ■ (A'6) 

Positivity of —R^D^ implies j > jsj. This becomes clear working out the highest weight eigen¬ 
functions: = e*-^‘^(tan|) ^(sin^)-^ annihilated by J+. They are well-defined for j > jsj and 

J — s € N (see footnote 30). The other wavefunctions can be obtained by acting with J_. 

We also have bundle-changing operators D±: 



deT 


i „ cos 9 

S— — 

sm 9 sm 9 


(A.7) 


which map s —)• s ± 1 keeping j, js fixed.One verifies that [D±, J 3 ] = [D±, J+] = [D±, J_] = 0, 
moreover [D+,L)_] = —2s and —R^D^ = —^{T)_|_, Z)_} = — — s = -D^D^ + s. It 
follows that [—R‘^D‘^,D±] = (=f2s — 1)D±, confirming the map s —>■ s ± 1. A state annihilated 
by D- (it has minimal s) has —R?D^ = —s, therefore j = —s; a state annihilated by !)_(_ 
(maximal s) has —R?D^ = s, therefore j = s. The eigenfunctions annihilated by D- are 
Yfj^ = e*-^4¥’(ta,n |)'^^(sin 0 )'^, then with —j<s< j can be obtained by acting with T>+. 
Finally, starting with Y-W and acting with D+, or starting with Y- ■ and acting with D_, we 
get the relations 


0+"-w =-a+“) O' -»+w = -0 - 00+<*+■ (^-s) 

®°The total connection (spin plus gauge) is A = s cos 6 dtp, which is in a singular gauge because A is singular at 
the poles. Moreover, for s € Z + ^ a. gauge transformation is required as we go around the poles, as it becomes 
clear computing the Wilson line very close to the poles which should vanish. Thus, for s £ Z + ^ the wavefunctions 
get a minus sign as p ^ p + 27r. They become single-valued using standard smooth gauges on two patches. 

®^When acting with the operators D±, one has to be careful to keep track of the value of s, as they change it. 
Concretely, when acting on a wavefunction of spin s, [D+,D-] — 
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A.2 The one-loop determinant on 3“^ x 

We can use the spectral analysis on S'^ to compute the one-loop determinant on 5^ x 5^ for a 
chiral multiplet ‘hp, transforming as the weight p of a representation iH, and with R-charge q. 
The field is immersed in a magnetic field m € g, there is a flat connection At along S^, and 
the D-term has expectation value D = -|- Dq. Notice that in this computation we do not 

distinguish between gauge and flavor symmetries. We define the integer 


b = p(m) - q . (A.9) 

We now compute the determinants for the scalar and the Dirac field in the chiral multiplet, while 
the full one-loop determinant is assembled in the main text. 


The scalar 4>. This field has R-charge q and spin Sz = 0, therefore, recalling that there are 
— 1 units of R-symmetry flux on besides the magnetic flux, the effective spin is s = — |. The 
action follows from the quadratic expansion of (2.17) around the background, that we write as 
The eigenfunctions are with j = |s| -|- n and n € Z> 0 ; k £ Z. We immediately 

get the determinant 


det 0(f, 


Yj Yj \i2n + l)\b\ - b + 2n{n + 1) , 

11 li - ^2 -+ + 

n>0 fcsZ ^ 


{2-Kk - p{At)f 


2nH-|6|H-l 


+ ip{Do) 


(A.IO) 


The Dirac spinor •0. The operator from the quadratic expansion of (2.17) is 

- p{a) 


0^ = rD^.-p{a)=[^\ ^ 


_z)3 _ p^tj) 


(A.ll) 


The spinor ^ has the same gauge/flavor charge p as the scalar (/>, but its R-charge is q — 1. 
Therefore the flux experienced by V' is p(nr) — q + 1 = b + 1. A Dirac spinor on S'^ has generically 


two components with Sz = 


' for ■?' ^ 




If both components exist, the matrix is 


' ^{^mk - ip{At)) - p{a) \ ' 

-U2-Kik - ip{At)) - p{cr)] 




and its determinant is 




(A.12) 


Now we should distinguish a few cases. For 6 > 0, at j = | only the right-moving (RM) mode 
exists, while for j = ^ + n and n > 1 both modes exist. We then obtain for det Op'. 


n[ 

fcez 


.2'Kk - p{At) 
' /3 


ib+l 


- p{<^) n 


n>l 


1 . ^ . ^2 (27rA;-p(Ai))^T2n+b+i 

-^n{n + b + l) + p{af -h - 
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For b < —2, at j = ~ 1 only the left-moving (LM) mode exists, while for j = —| — l-|-n and 

n > 1 both modes exist. We then obtain for detO^: 


n[ 

fcez 


2Trk - p{At) 

' 13 


P{^) 


-b-l 


n 


n>l 




n{n — 6 — 1 ) -|- -|- 


(27rk - p{At))‘ 

w 


2n-b-l 


Finally, for b = —1 there are no special cases with chiral modes, because even with the smallest 
possible angular momentum, J = 5 , both modes exist. Then we set j = ^ + n and we obtain 


nn 

fcSZ n>0 


^ (n + 1 )^ + + 


{2TTk - p{At)f 


2n+2 


The three cases can be summarized by the following formula for the fermionic determinant: 

|b+l| 


detO^ = 


n[ 

fcez 


. 2'Kk - p{At) 

“— H — 


- p{a) 

n 


n>l 


n(n +|6 + l|) 2 ( 27 rfc-p(At))^n 2 n+|fe+i| 




+ p{(y) + 


/32 


(A.13) 


where s = sign(6 -I- 1). 


A.3 The cohomological argument 

For Dq = 0 (i.e. D = iFi 2 ) we can reproduce the one-loop determinant with an alternative 
cohomological argument, similar to that in [37]. We consider a generic metric on 5^ and a 
generic profile F\ 2 {x) for the magnetic field. We will need the identity 

^2 ^ , (A.14) 

and we will use the supersymmetry spinor e in (2.3). 

Now consider the two operators from the quadratic expansion of the matter action (2.17): 

= -D^D^ + p{af + ip{D) - qWi2 , - p{a) . (A.15) 

Suppose we have a fermionic mode T with = AT: if e^T 7 ^ 0 (iff 73 T 7 ^ — T), then 

C)^T = AT ^ =-A(A + 2 p(a))etT . (A.16) 

On the other hand, suppose we have a scalar mode T with = —A(A -|- 2p{a)')^. Then we 
can construct the two fermionic modes 


Ti = Te , T2 = = Ip'^i . 


The action of on the two-dimensional vector space is 

-p{a) 1 

\0^p^2) yX{X + 2p{a)) + p{af -p{a)J\^2)' 


(A.17) 


(A.18) 


- 63 - 
















and the eigenvalues are A and — (A + 2 / 9 ((t)) . We conclude that the modes in all these eigenspaces 
do not contribute to the one-loop determinant because their eigenvalues cancel out. 

The only modes that contribute to the determinant are the unpaired ones. Let us find them. 
If = 0, we do not have a partner scalar mode. This only happens if 73 'L = —Then the 
defining equation splits into 

= 0 summed over a = 1 , 2 , — p{a)^ = A^ . (A.19) 

This implies that 'L is a LM chiral zero-mode of the twisted Dirac operator on S‘^ and it depends 
on t as for /c G Z. In the unrefined case D 3 = therefore 

, , 27rk — p(At) , , ,. N 

A = Ao = -I -^- pier) . (A. 20 ) 

If on S'^ (with the chosen metric and gauge flux) there are til LM chiral zero-modes, the contri¬ 
bution to the index is Aq^ . The rehned case is discussed in section 4 and appendix A.4. 

If the two modes 'Ll and 'I '2 are actually parallel (including the case that ^2 = 0), the 
scalar mode is paired to one fermionic partner only. Let us write = a'Li for some a. Since 
73^1 = 'Ll, the equation splits into 


7“ Da 'Ll = 0 summed over a = 1,2 , D 3 'Li = a'Li . (A. 21 ) 


This implies that 'Ll is a RM chiral zero-mode on Then Civ'Ll = A\L with A = a — p{cr). In 
the unrefined case we find 


X = i 


Ink - p{At) 


(3 


pia) . 


However recall that we also have the scalar, therefore the contribution to the determinant is 


A 

—A (a -|- 2pi<T)') 


2TTk - piAt) 

' /3 



A 


-1 

0 


from each of these modes. If on 5^ there are ur RM chiral zero-modes, the contribution to the 
index is Aq By the index theorem we have ur — ul = p(Tn) — q + 1, therefore we are led to 
the same determinant (2.47) as before. 


A.4 Refined one-loop determinant 

We now give some details about the computation of the refined one-loop determinant for a chiral 
multiplet. With round metric, the vielbein and its inverse are 


(r 

0 


(k 

0 

o\ 

r 

Rslnd 

-R^sin^ , e^a = 

0 

1 

Rs\n9 

0 

VO 

0 

/ 

lo 

0 

V 


(A.22) 


A background with T 12 = 2 ^) -^13 = -^23 = 0 has an Fgt component, and we can choose the 
connection to be 


A = — ^ cos 0 [dp — dt) + Atdt = — 7 ^ cot 6 ^ 

2 2R p 


(A.23) 
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where At is the constant zero-mode part that commutes with m. This connection, though, is 
singular at the poles and therefore one should be very careful in using it to compute the Wilson 
loop. It is clearer to consider two patches. North and South, and two smooth connections: 


A]si = —^(cos 9 — '\-){dLp — (,dt) + (^At + ^<;)dt 


As = -^(cos 0 + l){dip - + {At - f . 

They give the following values for the angular and temporal Wilson loops: 


= e* = exp 

= =exp 

The bosonic zero-mode is defined as 


f 7 rm(l — cos 9) 

■ 7 ■ ^ 

zAt + cos 6 


(A.24) 


(A.25) 


u = At + ifda = /3(A3 -|- ia) . 


(A.26) 


To evaluate the classical CS actions, we should first extend A to a connection on a four- 
manifold whose boundary is S'^ x S^. We choose S'^ x D 2 , with r the radius of D 2 , and extend 


A = —— cos 9 {dip — ? r^dt) + At r^dt 
F = ^ sm9 d9 A {dip — <;■ r‘^dt) -[- (^At + cos 9^dr^ A dt . 


(A.27) 


The extension satisfies Id 2 ^ ~ fs^ Is'^xD 2 ~ AirmAt independently 

of ?, therefore the on-shell CS actions are not affected by 

A supersymmetric Wilson loop must be along the vector field 63 = ^{dt + as found 

after (2.21), i.e. it must lay along the embedding x^(r) = (0 o,?t, r) with parameter r. The 
Wilson loop equals W = Tr/^ Pexp i § dr ^{As + ia). If we place the loop at the North {9q = 0) 
or South {9q = tt) pole of the sphere, the direction ip is immaterial, the loop only winds once 
around t, and there is no constraint on <;. We obtain from (A.25): 


W = Tr^ e™ t ^ xf’ , (A.28) 

where the signs ± refer to the North and South pole, respectively. On the other hand, for generic 
values of 9o 7 ^ 0 , vr, the loop closes only if = 27r^ with p,q ^ Z coprime: in this case the loop 
winds p times around ip and q times around t. Combining the two integrals in (A.25), we find 


W = + = ^(_l)PP(m) _ (a.29) 

To compute the one-loop determinant, we follow the cohomological argument and count the 
fermionic zero-modes. For a given weight p, the flux seen by the fermions is B = /o(m) — qp + 1. If 

l-B 

B > 0, there are B RM zero-modes on 5^ which are annihilated by D_: they are the modes Yj 
with j = and = —j, + whose dependence on ip is On S^xS^, these modes 
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'I'l have a dependence Each mode contributes a factor — , where -Da'I'i = a'I'i. We 

thus find 

B-l 

1 -1 


i-— B-l fcgZ 

J6 2 


2 


n n “ ^33 - 2vrA:) = H J 


xPl'^Qn 


■ B-l 


-XP(^j3 ’ 


as 


(A _ g*<;/ 2 ^ If i? < 0, there are |i?| LM zero-modes on 3“^ annihilated by Z)+, i.e. the modes 

D I 1 


with j = —. Each mode contributes a factor A, where —£> 3 ^ — p{cr)"lf = A^. We 


3,33 

thus find 


l-BI-l 

2 


B\-l 

^ 1 - 


n n ^ - 27rA:) = J] 


This reproduces the one-loop determinant given in (4.2). 


B The two-dimensional partition function 


In this appendix we give some details on localization in the two-dimensional case. The background 
is a generic metric on 3“^ with volume dvri?^. The spin connection satisfies = ^dvol 
and ^ f duj^^ = 2. We take a background vector V = coupled to the R-symmetry. Then 

the SUSY parameters satisfy D^e = 0, 736 = e and similarly for e . 

The SUSY transformations are easily derived from the three-dimensional case by mapping 
d-s —>• (Ti, cr —>• (72 and then ui -|- ia 2 —)• —fcr, ai — ia 2 —)• id. Using E ^3 —)• D^ai, —)• —f[(Ti, • ] 
and [(Ti,(T 2 ] —)• |[cr,d], we get the following. For the vector multiplet; 


QAf, = 

QD = -^T>^AVe + A^e] 

QX^ = 0 


QD = - ^[cr,eU] 

0 

II 


QX = (^iFi 2 - D + ^[a, a] - e Qa = Q Qa = A^e 

QA^ = - fFi 2 + D + ^[a,d] - Qa = 0 Qd = A . 

The BPS equations for complexified fields are D = fFi 2 , [o', d] = 0 and Dfj_a = 0. Restricting 
to configurations where the gauge field is real, d is the complex conjugate to a but D remains 
complex, we get 


D = iFi2 , Dfj,a = D^a = 0 , [tr, a] = 0 . (B.2) 

Up to gauge transformations, the moduli space of bosonic zero-modes is 9II = f) x 1} = f}c (to 
be divided by the Weyl group W together with the magnetic fluxes m G Tj,) parameterized by a 
diagonal complex a which becomes our integration variable. 

The transformations of the chiral multiplet are 


Q4> = 0 Qil; = - ia(j))e 




Qcj) = —e^ip = e^( — i'yPD^cj)^ — icj)^ a^ 

Qcj)^ = ^fg QF = [i'yPDfj^'ip -|- iaip — iXcf) 

Qcj)^ = 0 QF^ = ( — -k iijj^a + ic/)^X^)e^ 


Qi3 = e^F 
QF^ = 0 
QF = 0. 


(B.3) 
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The BPS equations for complexified fields are {Di + iD2)4> = {Di — iD2)4>^ = 0, cj(/> = cf^a = 0, 
F = = 0. Going to the real contour, they are complex conjugate pairs and reduce to 


{Di + iD2)(t) = 0, acj) = 0 , F = 0 . (B-4) 


The points (hyperplanes) of where = 0 for some chiral multiplet (p form the subset TUsing^ 
at those points, the BPS equations would allow for extra zero-modes. 

The action terms that we consider are the standard ones, as in [18, 19]; YM action, matter 
action and superpotential, which are Q-exact. More interesting is a twisted superpotential, which 
is not Q-exact. First, any holomorphic function /(cr) can be inserted in the path-integral because 
it is supersymmetric: 

Qf{a) = Qf{a) = 0, (B.5) 

in particular this allows us to make local insertions at arbitrary points on A twisted super¬ 
potential action must be real in Lorentzian signature, but we cannot insert /*(cj) because this is 
not supersymmetric, even after integration. The twisted superpotential Lagrangian is in fact 


= iW'ia) • {D + iFu) - '-W"{a) • At(l - 73)A 
= iW*'{a) • {D - iF^2) -\w*"{a) • At(l + 73)A , 


(B.6) 


where W{a) and W*{a) are gauge-invariant holomorphic functions of their arguments. The two 
terms are separately snpersymmetric, therefore the two functions W and W* could be indepen¬ 
dent, however in order for the action to be real in Lorentzian signatnre, they should be complex 
conjugate. In the non-Abelian case it should be read as 


C 


w 


.dW 
^ da A 


{D + iFi2)A 


1 d‘^W 

2 daAdas 


“ 73)Ab 


where A,B are indices of the adjoint representation, and similarly for C^. Both terms are 
annihilated by Q,Q. 

The bosonic part of the twisted superpotential Lagrangian is 


C —h C 

w ' 


w 


bos 


2i Me W'(a) ■ D - 2ilm W'(a) ■ Fu ■ 


(B.7) 


Of particular importance is a linear twisted superpotential, leading to a complexified FI term: 


Wfi, 6 = - — (C + ie)Tra 

47r 


Cpifi =Tr D + i-^ Tr Fi 2 . (B.8) 

ZTT ZTT 


Evaluated on-shell on almost BPS configurations, the action gives 


-^W = g47riy'((T).m-87riij2]ReVy'(cr).Do 


(B.9) 


When specialized to the complexified FI term it becomes 

g—Spi.e — ^—{C+i9)Trm+2iR'^(;Tv Do _ gTrm ^2iR'^^Tv Do 

Here q = according to standard notation. 


(B.IO) 
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The computation of the one-loop determinants is essentially the same as in the three- 
dimensional case, but without the sum over the KK modes on that we labeled by k. In 
particular, there is no longer any regularization to do and no sign ambiguity in the final answer 
(besides, there are no topological symmetries nor the path-integral has a Hamiltonian interpre¬ 
tation as a trace, although a sign ambiguity could still be reabsorbed in the 0-angle). To give 
some details, consider the round S'^ and the chiral multiplet. The scalar operator is 


+ p{a)p{a) ip{Do) - qWu , 


(B.ll) 


and its spectrum is 

det 00 = ]^ 


n>o 


(2n + l)|6|-6 + 2n(n + l) .,,.2 -[ 2 n+\b\+i 




+ | 0 ('^)I +ip{DQ) 


(B.12) 


where h = p(Tn) — qp. The Dirac operator 


IS 


l^Dp - i73p(cJi) - p{a2) = f 


(B.13) 


and its spectrum is 


det Op = 




n +\p(^) 


2ri.H-|6+l| 


n>l 


(B.14) 


where S is the identity if 6 < 
is the ratio: 


—2, and complex conjugation if 6 > 0. The one-loop determinant 


ychiral 

•^1-loop 


n[ 

peor 


p{(t)\ 


P{m)-qp+l 


(B.15) 


Notice that this is in fact just the x —)• 1 limit of the three-dimensional one-loop determinant in 
(2.48). The one-loop determinant for the vector multiplet is 


= (-DE^.oC") n . 

a&G 


(B.16) 


This time, we do not drop the sign factor in front because there are no ambiguities. This sign 
was noted in [80] for the background on 5^ constructed in [18, 19].^^ 

One performs the localization, which proceeds as in the three-dimensional case. The only 
novelty is how to treat the region at infinity of f}c, i.e. the complex cr-plane. For that, we need 
the asymptotic dependence of the one-loop determinant on Dq. Let us perform the analysis for 
6 > 0. We want to compute 

. n{n+b+l) \„(^\\2 s2n+b+l 

'^ = n( „,„wT I , 'i^V in ) ) 

n>0 ^ ^ + \p{cf)\^ +tp{Do)J 

Although this sign seems not to be present in [18], in fact there is a small mistake in the last appendix of that 
paper, and correcting it the sign is present in [18] too. 
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in the limit Ifjl —)• oo. We have 


log F = -iR^p{DQ)Y, 


n >0 


2 n + 6 + 1 
n(n + 6 + 1 ) + a 


+ 0(a 


-2^ 


a = i?Xa)|2. 


(B.18) 


This expression diverges as ^ which cannot be regularized by C function (in fact it leads to 

2 

n+1 ’ 


dimensional transmutation). We regularize by subtracting —then the sum can be performed: 


logT 


reg 


iR^p{Do)i 


l + b± Y^-4a + (6 + 1)" 


=-iR^p{Do)(^-2-/-loga+ 0{a 


where 7 is Euler’s constant and 'ip{z) = r'( 2 ;)/r( 2 :). We thus hnd the leading behavior 

F ~ exp log |/3(cj)| p(T)o)) • (B.19) 

This corresponds to the effective twisted superpotential B4ff = —^p{cr) (log p{a) — l). Compar¬ 
ing with (2.77), we see that for 7 > 0 we pick the residue at inhnity iff ^ p > 0, while for 7 < 0 
we pick minus the residue at infinity iff ^ p < 0 . 


References 

[1] E. Witten, Mirror manifolds and topological field theory, liep-th/9112056. 

[2] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops, 
Commun.Math.Phys. 313 (2012) 71-129, [arXiv: 0712.2824]. 

[3] M. Marino, Lectures on localization and matrix models in supersymmetric Chern-Simons-matter 
theories, J.Phys. A44 (2011) 463001, [arXiv: 1104.0783]. 

[4] F. Benini, R. Eager, K. Hori, and Y. Tachikawa, Elliptie genera of two-dimensional Af=2 gauge 
theories with rank-one gauge groups, Lett.Math.Phys. 104 (2014) 465-493, [arXiv: 1305.0533]. 

[5] F. Benini, R. Eager, K. Hori, and Y. Tachikawa, Elliptie genera of 2d Af=2 gauge theories, 
Commun.Math.Phys. 333 (2015) 1241-1286, [arXiv: 1308.4896]. 

[6] K. Hori, H. Kim, and P. Yi, Witten Index and Wall Crossing, JHEP 1501 (2015) 124, 

[arXiv: 1407.2567]. 

[7] C. Hwang, J. Kim, S. Kim, and J. Park, Ceneral instanton counting and 5d SCFT, 
arXiv:1406.6793. 

[8] C. Cordova and S.-H. Shao, An Index Formula for Supersymmetric Quantum Mechanics, 
arXiv:1406.7853. 

[9] L. C. Jeffrey and F. C. Kirwan, Localization for nonabelian group actions. Topology 34 (1995) 
291-327, [alg-geom/9307001]. 

[10] M. Brion and M. Vergne, Arrangement of hyperplanes. 1. Rational functions and Jeffrey-Kirwan 
residue, Ann. Sci. Eeole Norm. Sup. (4) 32 (1999) 715-741. 

[11] A. Szenes and M. Vergne, Toric reduction and a conjecture of Batyrev and Materov, Invent. Math. 
158 (2004) 453-495. 


- 69 - 






[12] O. Aharony, IR duality in d = Z Af=2 supersymmetric USp(2Nc) and U{Nc) gauge theories^ 
Phys.Lett. B404 (1997) 71-76, [hep-th/9703215]. 

[13] A. Giveon and D. Kutasov, Seiberg Duality in Chern-Simons Theory^ Nucl.Phys. B812 (2009) 
1-11, [arXiv: 0808.0360]. 

[14] S. Pasquetti, Factorisation of Af=2 Theories on the Squashed 3-Sphere, JHEP 1204 (2012) 120, 
[arXiv: 1111.6905]. 

[15] C. Beem, T. Dimofte, and S. Pasquetti, Holomorphic Bloeks in Three Dimensions, JHEP 1412 
(2014) 177, [arXiv; 1211.1986]. 

[16] S. Cecotti, D. Gaiotto, and C. Vafa, tt* geometry in 3 and 4 dimensions, JHEP 1405 (2014) 055, 
[arXiv: 1312.1008]. 

[17] F. Benini and W. Peelaers, Higgs braneh localization in three dimensions, JHEP 1405 (2014) 030, 
[arXiv: 1312.6078]. 

[18] F. Benini and S. Gremonesi, Partition Functions of M={2,2) Gauge Theories on S'^ and Vortices, 
Commun.Math.Phys. 334 (2015) 1483-1527, [arXiv: 1206.2356]. 

[19] N. Doroud, J. Gomis, B. Le Floch, and S. Lee, Exaet Results in D=2 Supersymmetric Gauge 

Theories, 1305 (2013) 093, [arXiv: 1206.2606]. 

[20] Y. Yoshida, Factorization of 4dM=\ superconformal index, arXiv: 1403.0891. 

[21] W. Peelaers, Higgs braneh localization of M=1 theories on S^ x S^, JHEP 1408 (2014) 060, 
[arXiv: 1403.2711]. 

[22] K. Ohta and Y. Yoshida, Non-Abelian Localization for Supersymmetric Yang-Mills-Ghern-Simons 
Theories on Seifert Manifold, Phys.Rev. D86 (2012) 105018, [arXiv : 1205.0046]. 

[23] A. Gadde and S. Gukov, 2d Index and Surface operators, JHEP 1403 (2014) 080, 

[arXiv: 1305.0266]. 

[24] C. Glosset and 1. Shamir, The M=1 Ghiral Multiplet on x S^ and Supersymmetric Localization, 
JHEPIAOH (2014) 040, [arXiv: 1311.2430]. 

[25] T. Nishioka and 1. Yaakov, Generalized indices for M=1 theories in four-dimensions, JHEP 1412 
(2014) 150, [arXiv; 1407.8520]. 

[26] S. Gukov and D. Pei, Equivariant Verlinde formula from fivebranes and vortices, 
arXiv:1501.01310. 

[27] C. Glosset, S. Gremonesi, and D. S. Park, The equivariant A-twist and gauged linear sigma models 
on the two-sphere, arXiv; 1504.06308. 

[28] C. Glosset and S. Gremonesi, Comments on Af=(2, 2) supersymmetry on two-manifolds, JHEP 
1407 (2014) 075, [arXiv; 1404.2636]. 

[29] C. Glosset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg, Comments on 
Chern-Simons Contact Terms in Three Dimensions, JHEP 1209 (2012) 091, [arXiv; 1206.5218]. 

[30] A. Kapustin, B. Willett, and 1. Yaakov, Exact Results for Wilson Loops in Supereonformal 
Chern-Simons Theories with Matter, JHEP 100^ (2010) 089, [arXiv : 0909.4559]. 

[31] P. Goddard, J. Nuyts, and D. 1. Olive, Gauge Theories and Magnetie Charge, Nuel.Phys. B125 
(1977) 1. 

[32] A. Almuhairi and J. Polchinski, Magnetic AdS x Supersymmetry and stability, 
arXiv:1108.1213. 


- 70 - 


[33] D. Kutasov and J. Lin, (0,2) Dynamics From Four Dimensions, Phys.Rev. D89 (2014) 085025, 
[arXiv: 1310.6032], 

[34] A. Redlich, Gauge Noninvariance and Parity Violation of Three-Dimensional Fermions, 

Phys.Rev.Lett. 52 (1984) 18. 

[35] A. Redlich, Parity Violation and Gauge Noninvariance of the Effective Gauge Field Action in 
Three-Dimensions, Phys.Rev. D29 (1984) 2366-2374. 

[36] O. Aharony, A. Hanany, K. A. Intriligator, N. Seiberg, and M. Strassler, Aspects of N=2 
supersymmetric gauge theories in three-dimensions, Nucl.Phys. B499 (1997) 67-99, 
[hep-th/9703110]. 

[37] N. Hama, K. Hosomichi, and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres, JHEP 
1105 (2011) 014, [arXiv: 1102.4716]. 

[38] T. Dimofte, D. Gaiotto, and S. Gukov, Gauge Theories Labelled by Three-Manifolds, 
Commun.Math.Phys. 325 (2014) 367-419, [arXiv: 1108.4389]. 

[39] F. Benini, C. Glosset, and S. Cremonesi, Comments on 3d Seiberg-like dualities, JHEP 1110 (2011) 
075, [arXiv; 1108.5373]. 

[40] H.-C. Kao, K.-M. Lee, and T. Lee, The Chern-Simons coefficient in supersymmetric Yang-Mills 
Chern-Simons theories, Phys.Lett. B373 (1996) 94-99, [hep-th/9506170]. 

[41] E. Witten, Supersymmetric index of three-dimensional gauge theory, h.ep-th/9903005. 

[42] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun.Math.Phys. 121 (1989) 351. 

[43] A. Kapustin and B. Willett, Wilson loops in supersymmetric Chern-Simons-matter theories and 
duality, arXiv; 1302.2164. 

[44] P. Di Erancesco, P. Mathieu, and D. Senechal, Conformal field theory. Springer, New York, 1997. 

[45] E. P. Verlinde, Fusion Rules and Modular Transformations in 2D Conformal Field Theory, 
Nucl.Phys. B300 (1988) 360. 

[46] M. Blau and G. Thompson, Derivation of the Verlinde formula from Chern-Simons theory and the 
G/G model, Nucl.Phys. B408 (1993) 345-390, [hep-th/9305010]. 

[47] D. Jafferis and X. Yin, A Duality Appetizer, arXiv; 1103.5700. 

[48] G. Klare, A. Tomasiello, and A. Zaffaroni, Supersymmetry on Curved Spaces and Holography, JHEP 
1208 (2012) 061, [arXiv; 1205.1062]. 

[49] G. Glosset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski, Supersymmetric Field Theories 
on Three-Manifolds, JHEP 1305 (2013) 017, [arXiv; 1212.3388]. 

[50] G. Glosset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski, The Geometry of Supersymmetric 
Partition Functions, JHEP 1401 (2014) 124, [arXiv ; 1309.5876]. 

[51] S. Kim, The Complete superconformal index for M=6 Chern-Simons theory, Nucl.Phys. B821 
(2009) 241-284, [arXiv; 0903.4172]. 

[52] Y. Imamura and S. Yokoyama, Index for three dimensional superconformal field theories with 
general R-charge assignments, JHEP 1104 (2011) 007, [arXiv ; 1101.0557]. 

[53] F. Benini, T. Nishioka, and M. Yamazaki, fd Index to 3d Index and 2d TQFT, Phys.Rev. D86 
(2012) 065015, [arXiv; 1109.0283]. 


- 71 - 


[54] M. Fujitsuka, M. Honda, and Y. Yoshida, Higgs branch localization of 3d Af=2 theories, PTEP 
2014 (2014), no. 12 123B02, [arXiv: 1312.3627], 

[55] C. Romelsberger, Calculating the Superconformal Index and Seiberg Duality, arXiv : 0707.3702. 

[56] E. Witten, Phases of Af=2 theories in two-dimensions, Nucl.Phys. B403 (1993) 159-222, 
[liep-tli/9301042]. 

[57] K. Hori and D. Tong, Aspects of Non-Abelian Gauge Dynamics in Two-Dimensional Af={2, 2) 
Theories, JHEP 0705 (2007) 079, [hep-tli/0609032]. 

[58] F. Benini, D. S. Park, and P. Zhao, Cluster algebras from dualities of 2d Af=(2,2) quiver gauge 
theories, arXiv: 1406.2699. 

[59] J. Gomis and B. Le Floch, M2-brane surface operators and gauge theory dualities in Toda, 
arXiv:1407.1852. 

[60] N. Seiberg, Electric-magnetic duality in supersymmetric nonAbelian gauge theories, Nucl.Phys. 
B435 (1995) 129-146, [hep-th/9411149]. 

[61] D. R. Morrison and M. R. Plesser, Summing the instantons: Quantum cohomology and mirror 
symmetry in toric varieties, Nucl.Phys. B440 (1995) 279-354, [hep-tli/9412236]. 

[62] K. A. Intriligator and P. Pouliot, Exact superpotentials, quantum vacua and duality in 
supersymmetric SP{Nc) gauge theories, Phys.Lett. B353 (1995) 471-476, [hep-th/9505006]. 

[63] S. Hellerman, A. Henriques, T. Pantev, E. Sharpe, and M. Ando, Cluster decomposition, T-duality, 
and gerby CFT’s, Adv.Theor.Math.Phys. 11 (2007) 751-818, [hep-tli/0606034]. 

[64] A. Caldararu, J. Distler, S. Hellerman, T. Pantev, and E. Sharpe, Non-birational twisted derived 
equivalences in abelian GLSMs, Commun.Math.Phys. 294 (2010) 605-645, [arXiv:0709.3855]. 

[65] H. dockers, V. Kumar, J. M. Lapan, D. R. Morrison, and M. Romo, Nonabelian 2D Gauge Theories 
for Determinantal Calabi-Yau Varieties, JHEP 1211 (2012) 166, [arXiv : 1205.3192]. 

[66] H. dockers, V. Kumar, d. M. Lapan, D. R. Morrison, and M. Romo, Two-Sphere Partition Functions 
and Gromov-Witten Invariants, Commun.Math.Phys. 325 (2014) 1139-1170, [arXiv : 1208.6244]. 

[67] d. Gomis and S. Lee, Exact Kahler Potential from Gauge Theory and Mirror Symmetry, JHEP 
1304 (2013) 019, [arXiv: 1210.6022]. 

[68] L. E. Alday, D. Gaiotto, and Y. Tachikawa, Liouville Correlation Functions from Four-dimensional 
Gauge Theories, Lett.Math.Phys. 91 (2010) 167-197, [arXiv: 0906.3219]. 

[69] A. Gadde, E. Pomoni, L. Rastelli, and S. S. Razamat, S-duality and 2d Topological QFT, JHEP 
1003 (2010) 032, [arXiv: 0910.2225]. 

[70] D. Gaiotto, A/'= 2 dualities, JHEP 1208 (2012) 034, [arXiv:0904.2715]. 

[71] D. Gaiotto, G. W. Moore, and A. Neitzke, Wall-crossing, Hitchin Systems, and the WKB 
Approximation, arXiv: 0907.3987. 

[72] F. Benini, S. Benvenuti, and Y. Tachikawa, Webs of five-branes and Af=2 superconformal field 
theories, JHEP 0909 (2009) 052, [arXiv: 0906.0359]. 

[73] F. Benini, Y. Tachikawa, and B. Wecht, Sicilian gauge theories and M=1 dualities, JHEP 1001 
(2010) 088, [arXiv: 0909.1327]. 

[74] 1 . Bah, C. Beem, N. Bobev, and B. Wecht, Four-Dimensional SCFTs from M5-Branes, JHEP 1206 
(2012) 005, [arXiv: 1203.0303]. 


- 72 - 


[75] S. L. Cacciatori and D. Klemm, Supersymmetric AdSi black holes and attractors, JHEP 1001 
(2010) 085, [arXiv; 0911.4926], 

[76] G. Dall’Agata and A. Gnecchi, Flow equations and attractors for black holes inAf=2 U{1) gauged 
supergravity, JHEP 1103 (2011) 037, [arXiv: 1012.3756]. 

[77] K. Hristov and S. Vandoren, Static supersymmetric black holes in AdS^ with spherical symmetry, 
JHEP IlOA (2011) 047, [arXiv: 1012.4314]. 

[78] K. Hristov, A. Tomasiello, and A. Zaffaroni, Supersymmetry on Three-dimensional Lorentzian 
Curved Spaces and Black Hole Holography, JHEP 1305 (2013) 057, [arXiv; 1302.5228]. 

[79] T. T. Wu and C. N. Yang, Dirac Monopole Without Strings: Monopole Harmonies, Nucl.Phys. 
B107 (1976) 365. 

[80] K. Hori and M. Romo, Exact Results In Two-Dimensional (2,2) Supersymmetric Gauge Theories 
With Boundary, arXiv: 1308.2438. 


- 73 - 


